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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt of this question paper.

2.

k4

1. (a)
(b)
(c)

2. (a)
(b)
(c)

3. (a)

All questions are compulsory and carry equal marks.

Attempt two parts from each question.

(i)- Solve the equation
x? — 14x> — 84x + 216 = 0,
given that the roots are in geometrical progression.

(i)) Find an upper limit to the roots of the equation

x*—5x*+ 7x* - 8x + 1 =0. (4.5+3)
Find all the integral roots of x* — 5x*> - 2x +24 = 0. (7.5)
Find all the rational roots of 32y* — 6y — 1 = 0. (7.5)

Find the value of z, where
(1-1)" (J§+i)5
Z =
(~1-i¥3)" S

Find the fourth roots of z=+/3+i and represent them geometrically to show

that they lie on a circle of radius 2", (7.5)

Solve the equation
z'0 + (=2 + i)z* — 2i = 0. (7.9)
Solve
v} — 15y — 126 = 0
using Cardan’s method. ' (7.5)
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(b)

(c)

5. (a)

(b)

(©

6. (a)

(b)

(c)

2
Prove that n? — 2 is never divisible by 4, (7:9)
Let a = qb + r where a, b, q, r € Z. Show that ged(a,b) = ged(b, r). Find
the ged of 143 and 481. (7.5)

(i) Let a, b, ¢ € Z be such that albc. If a, b are relatively prime, show

that ajc.
(i) Find the ged of a = 1575, b = 231 and represent it in the form
ma + nb for suitable integers m and n. (4+3.5)

Solve the following pair of congruences. If no solution exists, explain why.
X + 5y =3 (mod 9)
4x + S5y = 1 (mod 9) (71.5)
Let a = x (mod n) and b = y (mod n). Then, show that
(i) a+ b= (x + y)(mod n)
(i) a — b = (x — y)(mod n)
(iii) ab = (xy)(mod n) (2.542,5+2.5)

Define a group. Is Z_ under addition module 5, a group? Justify your
answer. . (2+5.5)

a b
Let GL(2, R) = {[ di| ra,b,c,de R, |A|# 0} be the set of all 2x2 matrices
C
over R with nonzero determinant. Is GL(2, R) a group with respect to
matrix multiplication? Is it Abelian? Justify your answer. (5+1+1.5)

Define the Centre Z(G) of a group G. Is Z(G) a subgroup of G? Is it
Abelian? Give reasons to support your answer. (5+2.5)

b
Let G ={|:a dJ :a,b,c,de Z} be a group under addition and H < G be
c _ .

a b

such that H ={[ d] e G: a+b+c+d=0}. Prove that H is a subgroup of
c

G. What if 0 is replaced by 1? (5+2.5)

Define inverse of an element in a group. If G is a group where every element
is its own inverse, show that G is commutative. (2+5.5)

Define a cyclic group. List down all subgroups of Z . Are these subgroups:
cyclic? What are their generators? What is the order of each subgroup?

Fferd) FERee R IREIEU (1+2+14+2+1.5)
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1. Write your Roll No. on the top immediately on receipt of this question paper-

All questions are compulsory.

Attempt any two parts from each question.

2
3
4. All questions carry equal marks.
5

Use of non-programmable scientific calculator and statistical tables are permitted.

. (a) The following table represents the running times (in minutes) of 26 randomly selected

1
recent American movies. Construct a stem-and-leaf plot and comment on interesting
features of the display.
94 [90[95 [93 [128|95|125|91|104| 116|162 | 102 |90
110 (9211311690 |97 103 |95|120 (109 |91 | 138 |94

(b) The following data represents the actual blood pressure values for nine randomly selected

individuals. Compute the median, upper fourth, and lower fourth.

118.6

127.4 | 138.4

130.0

113.7

122.0

108.3

131.5

133.2

(c) Following data consists of value of sodium content in one serving of cereal for a sample
of cereals manufactured by certain company.

(i) Calculate sample mean, sample variance, and sample standard deviation.

211

408 | 171

178

359

249

205

203

201

(ii) If 50 is added to each observation of the sample to obtain the sample of transformed

observations. Compute the sample variance and sample standard deviation of

transformed observations without reperforming the calculations.

KALINDI COLLEGE LIBRARY
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2. (a) The route used by a certain motorist in commuting to work contains two intersections

with traffic signals, The probability that he must stop at the first signal is 0.4, and the
analogous probability for the second signal is 0.5, and the wa“b'hty thatheamuststop
at at lcast one of the two signals is 0.7. What is the probabilily that he must stop

(i) At both signals?

(ii) At the first signal but not at the sccond one?

(iii) At exactly one signal?

(b) State Baye’s theorem, The reviews editor for a certain scientific joumal. decides
whether the review for any particular book should be short (1-2 pages), medium (3-4
pages), or long (5-6 pages). Data on recent reviews indicates that 60% of then:n are
short, 30% are medium, and the other 10% are long. Reviews are submitted in either
Word or LaTex. For short reviews, 80% are in word, whereas 50% of medium reviev.-rs
are in Word and 30% of long reviews are in Word. Supposc a recent review is

randomly selected.

(i) What is the probability that the selected review was submitted in Word format?

(ii) If the selected review was submitted in Word format, what is the posterior
probability of it being short?

(c) An oil exploration company currently has two active projects, one in Asia and the other
in Europe. Let A be the event that the Asian project is successful and B be the event
that the European project is successful. Suppose that A and B are independent events

with P(A) = 0.4, and P(B) = 0.7.
(1) What is the probability that at least one of the two projects will be successful?

(ii) Given that at least one of the two projects is successful, what is the probability that
only the Asian project is successful?

3. (a) A certain brand of upright freezer is available in three different rated capacities: 450 L,
500 L and 550 L. Let X is the rated capacity of a freezer of this brand sold at a certain
store. Suppose that X has probability mass function (pmf) p(x) with p(450) = 0.2,
p(500) = 0.5 and p(550) = 0.3. If the price of a freezer having capacity X is

2.5X — 650, what is the expected price and variance price paid by the next customer

to buy a freezer?
(b) Twenty percent of all telephones of a certain type are submitted for service while under

warranty. Of these, 60% can be repaired, whereas the other 40% must be replaced with
" new units. If a company purchases ten of these telephones, what is the probability that
exactly two will end up being replaced under warranty?

KALINDI COTLEGE LIBRARY
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(¢) Let X be a Poisson random variable with parameter A. Find the mean and variance of X.

4. (a) 'ﬂu:. current in a certain circuit as measurcd by an ammeter is a continuous random
variable X with probability density function:
_(0.075x+02, 3<x<5
Hary= [ 0, otherwise.
() Verify that the total area under the density curve is 1.

(i) Calculate P(X < 4) and P(3.5 < X < 4.5).

(b) Let X denote the amount of time a book on two-hour reserve is checked out and suppose

the cumulative distribution function is

0, x<0
xz

F(x) = o 0<x<2
1, 2 S.x

(i) Calculate P(X > 1.5).
(ii) Obtain the probability density function f(x).
(iii) Calculate E(X) and V (X). |

(¢) In a road-paving process, asphalt mix is delivered to the hopper of the paver by trucks
that haul the material from the batching plant. The random variable X = truck haul time
is normally distributed with mean value 8.46 min and standard deviation 0.913 min.

(i) What is the probability that haui time will be at least 10 min?

(ii) What is the probability that haul time will exceed 15 min?

5. (a) It has been reported, the Lognormal distribution as the best option for describing the
distribution of maximum pit depth data from cast iron pipes in soil. This distribution

with ¢ = 0.353 and g = 0.754 is appropriate for maximum pit depth (mm) of buried

pipelines. 4

(i) What are the mean value and variance of pit depth?

(i) What value c is such that only 1% of all specimens have a maximum pit depth

exceeding c?
(b) Given a standard normal distribution, find the area under the z-curve which lies

(i) betweenz = —1.50andz = 2.00;
(ii) to the right of z = 1.75;

(iii) to the left of z = —1.39.

wIfert Tefenery
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blood discasc is 0.4 If 100 people

(c) The probability that a patient recovers from a rarc . .
mation to binomial

i g Xi
arc known to have contracted this discase, usc the normal appro

distribution to determince the probability that less than 30 survive.
6. (a) State Central Limit Theorem. A soft-drink vending machine is set so that the amount

of drink dispensed is a random variable X with a mean of 200 ml and a standard

deviation of 15 ml. What is the probability that the mean amount dispensed X in a

random sample of size 36 is at least 204 ml?

(b) Consider the following data on the number of hours that 10 persons studied for a

French test and their scores on the test:

1 17

Hours studied 4 9 10 | 14 | 4 7 12 22

(x)

Test score 31 58| 65| 73 | 37 44 | 60 91 21 84
)

(i) Find the equation of the least squares line that approximates the regression of the
test scores on the number of hours studied.
(ii) Predict the average test score of a person who studied 14 hours for the test.

(c) Suppose that we want to determine on the basis of the following data whether there is a
relationship between the time, in minutes, it takes a secretary to complete a certain

form in the moming and in the late afternoon:

Morming | 8.2 9.6 7.0 |94 109 | 71 | 9.0 | 6.6 8.4 | 105
(x) - 0

Afternoon | 8.7 96 | 69 | 85 | 113 6] 92 | 63 84 | 123
o)

Compute and interpret the sample correlation coefficient.
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1. (a) Calculate the upper and lower Darboux integrals

for the function f(x) = x* on the interval [0, b] and

b?
show that its integral value is Wb

(b) Let f be a bounded function on [a,b]. If P is a

partition of [a, b] then

m(b-a)< L(f,P) < U(f,IP) <M(b-a)

where M = sup {f(x): x € [a, b]} and m = inf {f(x):
x € b]}. Verify the inequality for the function

f(x) = 3x + 1 defined on [0,3] and the partition =
P_—_{O,—;—,I,ZJ} of [0,3].

(c) Let f be a bounded function on [a, b]. Show that
f is integrable over [a,b] if and only if for each

e > 0. there exists a partition P of [a,b] such that

U(f, P)-L(fiP), < €.,

Ffer<t Hgllq'“‘"‘am"”
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(d) Define Ricmann sum and Riemann integrability of
a bounded function fon [a, b]. Let f be a bounded
integrable function on [a, b] and (S ) be a sequence

of Riemann sums with corresponding partitions P,

satisfying lim mesh(P;,)=0. Show that the
. n—o
| . 3
sequence (S ) converges to I f.
a

2. (a) Show that if a function f is integrable on interval

[a, b], then f is integrable on every interval

[c,d] < [a,b].

(b) Let f be a bounded function on [a,b]. If Q is a

refinement of a partition P of [a, b], then show

that U(£0) - L(,Q) < U(P)-L(f, P).

(c) Prove that a bounded function fon [a, b] is Riemann
integrable if it is Darboux integrable. Also compare

their corresponding values of the integrals.

Fifer<) TNy TR
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(d) Let { and F be functions on [0, 1]. given by

Tx) = cos(x) for all x € [0, 1] and

T
0. for 0<x<—
4 6

F(x)=

1, for Tex<l
6

V3
=3

1
Show that f is F-integrable and Iof dF =

3. . (a) Let f be an integrable function on [a,b] and there
exists A > 0 such that |f(x)] =2 A V x € [a,Db].

Show that 1/f If is integrable over [a, b].

(b) Let f be a continuous function on [a, b] such that

. b
f(x) = 0 for all x e [a, b]. Show that fa j £=0

if and only if £(x) = 0 for-all x = [a,B].

P . A
gifer< wafiener qRaeTery
o malidqelicl )
T{r v T Y--‘;‘_I'!. ‘T g g ar, ' i » i (ﬁ‘?‘?
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(¢) Let f be a function defined on [a,b] and ¢ € (a, b)
be any point. Show that if f is integrable on [a, ¢]

and [c, b], then { is integrable on [a, b] and

[r=Le+lr

(d) State and prove intermediate value theorem for

integrals. Suppose f and g are continuous functions

on [a b] such that I f —I g. Prove there exists

X in (a, b) such that f(x) g(x)

4. (a) Define piecewise continuous function. Show that
every piecewise continuous, function on [a, b] 1s

integrable.

(b) State and prove Fundamental Theorem of Calculus

I. Using the same, evaluate

Tc . .-1‘{
.[o X cos x dx.

anfer) i
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(c) Show that if f and g are integrable functions ovt

[a, b] and if f(x) < g(x) for x € [a, b], then

b b |
L f< L g. Hence deduce that

‘[21'5
—-211:_

(d) Show that if f is a continuous real-valued function

on [a, b] satisfying Ibf(x)g(x)dxzo for every
g o

continuous function g on [a, b], then f(x) = 0 for

all x in [a, b].

(a) Use disk and washer method to find the volume

of the solid generated when the region enclosed

by y=+x+1, y=+2x and y =0 is revolved about

X-axis.

pifer) e YRadIerd
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the volume of

nclosed by

he line

(b) Use cylindrical shell method to find

the solid generated when the region ©

y=x,y=1,x=01s revolved about t

y =l

4
ok

(¢) Find the exact arc length of the curve X = g 4y
from y=1 to y=4.

(d) Find the area of surface generated by revolving

_thc curve
x=t, y=2t% 0<t<1

about y-axis.

6. (a) Discuss the co;i\f'érgence or divergence of the

following integrals.

Hiferal ABTened YDy P.T.O,
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(b) Test for convergence

Iw' l dx
0 xe*
b . .
(¢) Suppose L f is an improper integral of type I.

b b
Show that if L [f| converges, then so does L f.

I x
(d) Show that .[0 P (1-t)*" dt converges for positive

values of p and q. ﬁ

R & wEifdererg QRIHTerg
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_ ) - _
1. @ If a random variable X has the probability distribution f(x) = g[:] , for

- x=0,1, 2, 3. Find the moment generating function of this random
variable and use it to. determine p,' and ny'. b % ' 6
(i) Find the mean and variance of the Binomial distribution. 6

(i) Let X be a continuous random variable with pdf f(x)=ke™,0<x <.

Find EX), EX?). and VarX). = | g, § 6
20 - 45y dF the.probability is 0.40 that a child exposed to a certain contagious
disease will catch it, what is the probability that the tenth child exposed
to the disease will be the third to catch it ? 6

PTO.
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(i) Three distinet integers arc chosen at random from the first 20 positive

integers. Compute the probability that :
(@) their sum is even
6

(0)  their product is even.

(ii) Let X be a discrete random variable with the probability mass function
1
p(x) ==y X = i 1 R
2.
Find :
(@) the cumulative distribution functioh of X,
®) P(2-< X < 5) and
© PX>4). g _. 6

(@) Show that if X is a random variable having the Poisson Distribution with
the parameter A, then the moment-generating function of

Xy

Z
NEY
approaches the mdment-geherating function of the standard normal
distribution as A — . i) 6

| (zi) Find the mean and variance of exponential distribution. 6

wifer] Agfdener JRidIed
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(8 ) -

Gii) If X is a continuous uniformly distributed random variable with mean 1
and variance 4/3, find :
(@) P(X < 0)
0) PX =0
© PX > 0). e 6
Let X and Y have joint pdf
f(x’y).z{mxy(l—y); 0<x<1,. O<y<1
0, otherwise.
Compute E(X?) and E(XY). Also find E(3Y — X2). 6.5

(23

(iii)

Show that two random variables X and Y are'independent random

variables if and only if
Pla<X<bec<Y<d)=Pla<X<b)Pec<Y<d. 6.5

Let 13 cards be taken, at random and without replacement, from an
ordinary deck of playing cards. If X is the number of spades in these 13
cards and in addition, Y is the number of hearts in these 13 cards, find

the probability P(X = 2, Y = 5). Find the joint and marginal pmf of X

ol 1 siferl TRfdeney Qe o0
JCALINDI COLLEGE LIBRARY
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(i)
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3575

e ing table :
Let X and Y have the joint pmf described by the following

&, ¥) l (0,0) (0,1) (0,2) (1,1) (1,2) (2,2)

b e o L JB o AW
el 12 12 12 12 12 12
Find the correlation coefficient of X and Y. 6.5
Let X, and X, be two random variables having the joint pdf :

6x,, O0<x, <x, <1
( ; = 2» 2 1
1 ) { 0, elsewhere.

Find the conditional mean of X, given X, =.x1 € (0, 1). 6.5

If X and Y have a bivariate normal distribution, then find the marginal

density function of Y. ‘ : - 6.5

Y

Let X,, X9, ...X, constitute a random sample from an infinite population

with mean p and variance o2 and moment generating function Mx ().

=

Show that the limiting distribution of Z = as n — « is the standard

normal distribution. | : 6.5
If the probability density of X is given by

630x*(1 - 20, 0<x<1
0, " elsewhere.

f(x)={

KALINDI COLLEGE LIBRARY
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- Find the probability that it will take on a value within WO stand?

s md
deviations of the mean and compare this probability with the lower ey

- ‘5
provided by Chebyshev’s theorem. ’ i

(i) Given the joint density

2 ¢
’ =(2: 1
P = 5(2'\¢+3y), 0<x<1,0<y<

0, elsewhere.

Find the regression equation of Y on X. 68

e A@fene gRITe
HALINDI COLLEGE LIBRARY
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Write your Roll No. on the top immediately on recéipt of this question paper.

Attempt all question by selecting two parts from each question.
Part of the questions to be attempted together.
All questions carry equal marks. -

Use of Calculator is not allowed.

(a) (i) Let X =R and for x, y € R, define d(x, y) by

a( ) | x=y|+1, 'iféxaétly one among x and y is strictly positive
x’ —_— v ’ A >
y [x—-y|, otherwise

Prove that (X, d) is a metric space. (4)

(ii) Let X denote the set of all Riemann integrable functions defined on

[a, b]. For f, g € X, define d(f, g) = Iablf(x)-g(x)l dx . Show that

(X, d)’is not a metric space. (3:5)

(b) Let X be the set of all continuous functions defined on [0, 2] equipped with

) 2
metrics d_(f, g) = sup, _,,|f(x) — g(x)| and d,(f, g) = Io [f(x)—g(x)] dx ,
f, g € X. Compute the distance d_(f, g) and d,(f, g) where

Fiferd AefeTed qRderd
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5 i T
: s X, 05x<z COS X, 05x<-5
f(x)= { x, and g(x)= .

= —Sx52 —, —<x<2

V2’ 4" J_ 2

(7.5)
(©) (i) Define complete metric space. Let X = N the set of natural numbers.

Define d(m,n) =‘i*l‘; m, n € X. Show that (X, d) is an incomplete
m n - e : _

metric space. | Gl ol : (4)

(11) Is the metric space (X, d) of the set X of rational numbers with usual
metric d a complete metric spacvf:'7 Justlfy your answcr 3.5)

2. (a) (i) Define an open set in a metric space (X, d). Show that a subset G in
a metric space (X, d) is open if and only if it is the union of all open
balls contained in G. (5)

(i) Let S(x, r) be an open ball in a metric space (X, d). Let A be a subset
of X such that diameter of A, d(A) <r and S(x, 1) N A # ¢. Show
that A < S(x, 2r). (2.5)

(b) (i) Let (X, d) be a metric space. Prove that the closed ball §(x,r),

where x € X andr > 0, is a closed subset of X. (3.5)

(ii) Let X = R with usual metric. Let F = {1, 1/2, 1/3,...}. Find the derived
set of F. _ 4)

(c) Let (X, d) be a metric space and A, and A, be subsets of X Prove that
) (AywA,) = A Ky,

G) (A;NA,) A, NA,.

Frferar qﬁﬁmau
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3. (a)
(b)
(©
4. (a)

(b)

(c)

3

Is the closure of the union of an arbitrary family of the subsets of X equal

1o the union of the closures of the members of thie family? Justify your

danswer, (7-5)

Let (X, d) be a metric space and Z € Y < X. If ¢, Z and cl,Z denotes
the closures of Z in the metric spaces X and Y respectwely, then show that
hZ=Y neclz. ' (7.5)

Let (X, d,) and (Y, d,) be metric spaces and let f: X — Y be a function.
Prove that the following statements are equivalent :

-~ () fis continuous on X;

() f'(B) < £'(B) for all BEY. (7-5)

Let (X, d,) and (Y, d,) be metric spaces. When will a function f: X = Y
is said to be uniformly continuous? For any metric space (X, d) and A < X,
let g: X — R be defined as g(x) = inf{d(x, y) y € A}. Prove that g is
uniformly continuous mapping using £-8 mcthod (7.5)

Define equivalent metrics:-:Show that the metrics d,, d,, d, defined on R*® by

d, (x,y) le "dz—(x")’);[i(xi—“yi)z]%,

i=l

d_(x,y) — max{ |xi —yl: 1 £i<n} are equivalent metrics. (7.5)

Define fixed point of the mapping T. Show that if T: X — X is a mapping
and T" has a fixed point x, € X, then T also has a fixed point. Is the

converse-true? Justify your answer. (7.5)

Prove that every isometry between metric spaces (X, d,) and (Y, d,) is also
a homeomorphism between (X, d,) and (Y, d,). Let X be a metric space
and x, € X, C(X) denotes the space of all real valued, continuous bounded
functions on X with uniform metric d(f, g) = sup{|f(x) g(x)|: x € X}. Prove
that the mapping f (y) = d(y, x) — d(y, x,) forx,y € X defines an isometry

KALINDI COLLEGE LIBRARY
5 P.T.O.



5714

(a)

(b)

(©)

()

(b)

(c)

4

Let (X, dy) be a connected metric space and f: (X, dy) = (Y, d,) be a
continuous mapping. Show that the space f (X) with the metric induced from
Y is connected. (7.5)
Let (X, dx) be a metric space. If every continuous function f: (X, dy) =
(R, d) has the intermediate value property, prove that (X, d,) is a connected
metric space. (7.5)
If every two points in a metric space X are contained in some connected

subset of X, prove that X is connected. (7.5)

Let Y be a subset of metric space (X, d)l. If (X,'d,) is compact, prove that
Y is a closed subset of (X, d). (7.5)

If f is a continuous real-valued function on a compact metric space (X, d),
show that f is bounded and attains its bounds, i.e., if M = sup f(X), m = inf
f(X), there exist x and y in X such that f(x) = M and f(y) = m. (7.5)

Let A be a compact subset of a metric sp;ace (X, d) and B be a close subset

of X such that A n B = ¢. Show that d(A, B) > 0. (7.5)
o) NSy JRaPTerd
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Instructions for Candidates

1.

Write your Roll No. on the top immediately on receipt
of this question paper.

All questions are compulsory and are of 15 marks each.

Attempt any two parts from each Questions. Each
part is of 7.5 marks. '

(a) Define characteristic curves of a first order partial
differential equation. Find the partial differential
equation arising from the two-parameter.family of
curves :

u — ax — by — ab = 0.

(b) Determine the integral surfaces of the equation:

x(y? + u)u, — y(x* + uu, = (x2 — y?)u; with the
data x + y = 0 and u = 1.

dTfer<) Heldene qRawraa  PoT.0.
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(¢) Find the solution of the initial value system:
u — 2uu, = v - X,
v, +iey. =0,

u(x, 0) = x, v(x,0) = x.

2. (a) Reduce the given equation into canonical form and
find the general solution x :

u, + Xu, =y.
(b) Using v = In u and v(x,y) = f(x) + g(y), solve the

equation:

s I
xux+yuy ¢

(c) Find a complete integral of the following equation
by using Charpit’s method :

z? = pgxy.
3. (a) Derive the three-dimensional Laplace equation:

o’V o'V d*V
e t—=0
O0X oy oz" -

where V is Gravitational potential at any point.

(b) Determine the region of the following equation
and transform it to canonical form:

k]

2

o 2 w2 Ak
X0 2xyuxy +y M. = %

wifor<] Helfdenaa YRersTer
.+ KALINDI COLLEGE LIBRARY
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3
C v '
(¢) Derive e equation of traffic flow
P, 9q
=L L (Y
ot oOx

c
Where p(x, 1) is traffic density and q(x, t) 18 traffl
flow at any time t.

(a) Find the general solution of the equation:
YU + 3yu,, +3u =0,y % 0.

(b) Reduce the following equation into canonical form :

u_ — 2cosx u, + (I + cos’x)u,, +u=0.

(c) Find the general solution of the equation:

5. (a) Determine the solution of the initial-value problem

for an infinite string with initial condition:

— U =0 x€ R, £t >0,
u(x,0) =sin3x, x € R,
u,(x,0) = cos3x, x € R.

(b) Find the solution of the initial-value problem for a
semi-infinite string with fixed end:

Upe — 16U, =0, 0<x <00, t>0,
u(x,0) =sinx, 0< x < oo,
u:(x,0) =x%, 0<x<co,

u(0,t) =0, O0=<t< o,

P.T.0,
v @i HEdETer e
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(¢) Determine the solution of wave equation of semli~
“infinite string with free end for non- homogeneous
boundary value problem: |

Ug — 16Uy, =0, x>0, t>0,
u(x,0) =cosx,u,(x,0) =2, x>0,
u(0,t) =1—-1¢, t=>0.

6. (a) Obtain the solution for a semi-infinite string with
free end:

U = CPUyy, 0<x< o0, t>0,
u(x,0) = f(x), 0<x <o,
u(x,0) =g(x), 0=<x<oo,
u,(0,t) =0, 0<t<o,

(b) Determine the solution of wave equation for non-
homogeneous boundary value problem of semi-
infinite string with fixed end:

U — 44Uy, =0, x> 0, t>0,

u(x,0) =log(1+x), x=0
u(x,0)=1, x=20, .
u(0,t) =t, t=>0.

(c) Determine the solution of Cauchy problem for non-

homogeneous wave equation:

u“=uxx—2, xER, t>0,

with initial condition u(x, 0) = sin x, u(x, 0) = x,
x € R.

afer<l wETdeTerd qreawTem
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g |

L. (a) Solve the following Lincar Programming Problem

by Graphical Method

Mlmmlze Z Xy = 3x2

subject't'(') "xl , <6

+iX
Lx, +2x,<8
2x1 + X, 2 1)
R 2 0.
(b) Flnd all the Bas1c Feasible Solutions for the
following system of equations :

X, Xz+ 2X; — X, =.0

O o 2x2— 2x4= 3.

(c) Define a convex: set“and ‘use its-mathematical
def1n1t1on to prove that the followmg set S is a
~ convex set: | |

Bt

S = .{(Xl’ xz);: 3xf G2V o ol ) S

2. (a) Consider the following prbbl,em:_ _

Minimize . z=¢x .. * .

subjeét tol‘ . AX = b,

"'cnn%r«—é’rvmﬂam YRRTBTT]
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. Given a Basic Feasible Solution x,, =B"'b, if for
any column a, of A Hot'in B, z, - ¢, > 0 and
Voo S0y = Lo wnn vis anis , m; then Pm”_‘{‘?;it.hat the
problem will have an unbouhded solution.

(b) Solve the fo_llowing.Linear: Programming Problem
by Simplex .M.'e.thod . " .

Maximize Z = 5x, AT 4x,
" subject to :~c1+2x2 o i e

std o 2K e XS4 1sear |
Sx_l,f.%- ‘3};2 ‘< 1S it DA

FORX e 0 S

ey i r_’,f:: -y Ty .

. e re Wi R
o i ’\J:-fjv.‘ { oy

(c) Solve the fo-lldwing Li.né.ﬁapaRrogfa}:nr:gl:pg. Brdblem
- by Big—M method

Minimize 2y XS XS kY ponde
subject to X, =8, ~. X, =]

—xl+x2+2x3—x4=1
Y T tatosd

Xy Ky Kydi Xye2 0 a,

‘‘‘‘‘

KALINDI COLLEGE LIERARY P.T.O.
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3. (a) Solve the following Linear Programming Problem
by Two Phase Method:

Minimize Z = 3)(] — 3x, + x,

subject to X, H2ky =%, 2 3

~(b) Prove that to every extreme point of the feasible
region, there corresponds a basic feasible solution

of the Linear Programming Problem:

Mlmmlze zZ=cX -

subject to, Ax:=b;, x > 0. |

(c) Solve the followmg Llnear Prograrnmmg Problem
by Simplex Method: |
Maximize Z=x + 1.'5)‘:2 o
subject to  2x; + 3%, < 6
X, % 4);2_ <4

X, 2 0, x, is unrestricted.

Find an alternate optimal solution, if it exits. How

many optimal feasible solutions does the problem
r)‘ d Dt nﬂ - . - —— o Rt Bl e £
has?  grfeed e Wwery
KALINE: COLLEGE LIBRARY
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4. (a) Write the Dual of the following Linear
Programming Problem so that dual variables and
the requirement vectors are non-negative :
Minimize Z — X, — 3%, — 2x,
subject to '

o 3K Ry 22X, 210
X, —4x, + 2x, <8
: r:-_3)§-1 +_I-5;x2_—-3x3-_ =12
vx, <00, ix

1 2 0, 'x3'is unrestricted.

2,

(b) Prove that Dual of Dual is Primal. Verlfy the
same for the followmg problem sk

LI 4
4]

Max1mlze Z =! =%, = 3x,,
sub]ect to 2x1 - 5_:;2 s_ 8
—X + 4x2 2 7

X, 2 0, x, < 0.

(c) Using Complementary Slackness Theorem, find
_optlmal solutions of the following Linear.

Programming Problem and its Dual.

' Minimize .Z = 4xi + 6x2__+.5x3 X
subject to e
: e i 53 ‘
._2‘
Tt
xl, x3, :A(4 0.

R Tl W P.T.O.
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5. (a) Find the optimal solution of the Assignment

Problem with the following cost matrix. Also find

an alternate optimal solution, if any

- | o)V VI
A 2 6 7 3 8 7
B 6°1-1: 1319 7 3
C 3 6 |5 |7 3 5
D 2 2. F 3 4 8
E 4 9 6 8 7 6
F 7 5 5177 7 5

(b) For the followmg cost mmlmlzatlon Transportatlon
Problem, find initial basic fea31b1e solut1on by using
North-West comer rule, Least Cost method and

Vogel’s approx1mat10n method Compare the three

solutions (in terms of cost).

R i el 1w | supply
A 8 | 03 wloigra adicideauds 18 |
B 6 11 5 10 | 20
c 3 8 7 9, | 18
Demand 15 16 . 12 13

iR wEferer qReIhTer
""ﬁJ Ilh H ‘"‘0 FrhG LIBRARY
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(c) A company has four machines to be installed at
five vacant places available. Each machine can
be installed to one and only one place. Find the
optimal solution of the Assignment Problem and
the total mmlmurn cost with the cost matrix given
below. Also ﬁnd whlch place remam vacant:

Place
A B C D E
Lol BuileodSo | w19 |14 |4 15
Machines 1w aenpitaziibiggockiags |13
Il cae | oase |eoae 15 11
AV s | a2 16 | 12 10 |

6. (a) Deflne a Saddle point. The pay- (_)ff_matrlx of a
 game 1s given below Fmd the solution of .the game
__ ‘of Player A and Player B. Is it a Fair Game?,

Player B

| e Prmrm \ Vv

[ 4 0.1 1 7 -1

I 0 -3 -5 -7 5

Player A =

" 3 2 3 Sl Sk 5

v 6 1 -1 0 5

v 0 0 6 0 0

sl "-»’qu’ﬂ}?fl‘a Uﬁ'ﬁb‘lem PO
LALINDT OOL LEGE LIBRARY
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(b) Convert the following Game problem into a pair
of Linear Programming Problems for Player A

and Player B.

Player B

-1 2 ) 1 30 2
Player A : = T 5

(c) Solve the following cost 'minimization

Transportatlon Problem

| n . Illl. : '1 v Supply
A 1 a0 s 1w 13 30
B o2y milt . Biag |eindts 10, |a; 50,5
c 13- =i it orefivogavin) sage 20
Demand | 20 | 40 | 30 | 10

ﬁﬂ%ﬁ%?ﬁﬂ%arnzgﬁﬁmaa
KALINDI COLLEGE LIBRARY
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1. (a) A service station has both self-service and full-
service islands. On each island, there is a single
regular unleaded pump with two hoses. Let X
denote the number of hoses being‘used ﬂ:on the
self-service island at a particular time, and let X
denote the number of hoses on the full-service
island in use at that time. The joint pmf of X and

Y appears in the accompanying tabulation.

‘ y
p(x,y)| O 1 2
x 0 10 | .04 | .02
1 .08 | .20 | .06
2 06 | .14 | .30

(i) Compute P(X < 1 and Y < 13).

(ii) Give a word description of the event {X #0
and Y # 0}, and compute the probability of

this event.

(iii) Compute the marginal pmf of X and use it

to find P(X < 1).

Gz TRy JeihIerd
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(b) You have two lightbulbs for a particular lamp. Let
X = the lifetime of the first bulb and Y = the
lifetime of the second bulb (both in thousands of
hours). Suppose that X_ and 'Y are independent
and that each has an exppnem;ial_distl_‘ibution with

parameter A '= 1.
(1) What is the joint:pdf of X and T?

(i), What is the probability, that each bulb lasts
at most! 1000 h (i.e;,; X'< 1 and Y < 1)?

(' ) },.‘

(iii) What is the probability that the total lifetime

of the two bulbs is at most 2?

(c) @ Define the correlation coefficient of two

random variables X and Y, and establish that

| t i L ’ ¢4 : 1
| . ;

L1 < Corr(X, Y) '€

(11) Verify that if Y = aX + b (a #:0), then
Corr(X Y) = +1 or —1

Prfer=dy Ha'rfaam

_KALINDI COLLEGE LIBRARY P.T.0
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2. (a) (i) LetX, and X, be continuous random variables
-with joint pdf f(x, y). For any real constants

a, b and c, prove that
~E(aX:+ bY + ¢) = aE(X) + bE(Y) + c.

(ii) 'For any two random variables X and Y, prove
that E[E(Y[X)] = E(Y).

(b) For a Calculus I class, the final exam score Y and
‘the average X of the four earlier tests have
abivariate normal distribution with mean phy =105
standard deviation ;= 12, mean p, = 70, standard

deviation o, = 15. The correlation is p = .71.

Determine
0) Hyjx=x

(ii) Oyix=x |

(iii) P(Y > 90]X = 80), i.e., the probability that
the final exam score exceeds 90 given that

the average of the four earlier tests is 80.

(iv) Suppose a stud_ent"s Calculus 1 grade 18
determined by 4X + Y, the total score
- —across five t'g's_t's'."Fiﬁd- the mean of 4X + Y.

“??f FJJ H{& ={t‘ Jéw' Tﬁﬁ?fﬂ"cﬂm
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(c) A pizzé place has two phones..On each phone the

. waiting time until the first call is exponentially

distributed with. mean onée'minute. Each phone is

not influenced by the other. Let X be the: shorter

of the two waiting times and let Y be the longer.
The joint pdf of X ‘and Yqssil 2ot

@) Deterfn'i:ne:' the 'ma_f'g'inél deﬁéity of X.

fee 3 G is

(ii) Determine the conditional density of Y given

ir X = 'x./Are X'and Y'independent?

(iii) Determine the conditional mean of Y given

oypia iy 1o duitgdiniziy ol Tl

3. (a) Let X be the number of packages'béing mailed.by
a randomly selected customer at a shipping facility.

Suppose the distribution of X is as follows:

X 1 . 2 3 4
p(x) PR e e R o

oSl HRTdener qRapiery
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Consider a random sample of size n = 2 (ty,
customers) and let X be the sample mean number

of packages shipped. Obtain the sampling

distribution of X and use it to calculate P()_( _<_2.5)_

(b) The inside diameter of a randomly selected piston
ring is a random variable with mean value 12 cm

and standard deviation .04 cm.

.(i) If X is the sample mean diameter for a
random sample of n = 16 rings, then where

is the sampling distribution of X centered,
and what is the standard deviation of the

X distribution?
(ii) If the distribution of diameter is normal,
then calculate P(11.99 < X <12.01) when
n = 16.
(c) State the Gosset’s theorem.

Suppose X,,... .,;X,, are independent and identically
distributed (iid) N(5,4) random variables. Let

X and 5 denote their sample mean and
sample standard deviation, respectively. Calculate

P(|X - 5> 0.4S).

Gifer) HefdeTery JRIpIerd
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4. (a) Show that for the sample variance S2, (

2
n

a biased estimator of o2 for any population

distribution. What is the bias?

Suppose X,,..., X;; form a random sample

from a normal distribution with mean 5 and

standard deviation 8. Calculate P (X < 9.13).

Let X,...,X be a random sample of

- component lifetimes from an exponent131

distribution with parameter A. Use the

factorization theorem to show that sufficient

statistic for A is T = 2X..

Define the Fisher information I(0) in a single

observation X from a distribution with

®) @
(i)

© @
(i)

probability density function f(x; 0).

The number of attempts required to

~successfully transmit a message across g3

noisy channel can be modelled by a geometric
distribution, whose probability mass function

Cf>l|c'i‘15| qgi["j':h("lll P.T
KALINDI COLLEGE LIBRARY el
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is (1 — py' p for x = 1,2,3,.... To estimate

the unknown parameter p we obtain tpe

random sample X,....,
distribution. Find the Fisher information I(p)

X, from this geometrig

in a single observation X.

5. (A random sample of 50 patlents who had been
seen at an outpatlent ¢linic was selected and the
waiting time to see a physician was determined
for each one, resulting in a sample mean time of

*40.3 min and a sample standard deviation of 28.0

" min.

" (i) Calculate and interpret a 95% upper
confidence bound for true average waiting

time.

(ii)-Baeed on the salm.p_lel rﬁeen Irand ..standerd
deviation, why is it doubtful that the
populationr of waiting‘ times is normally
distributed? Does that invalidate the
confidence bound you c'alculated in part (i)?

[t.(;s.49 & 1,671

wiftrd sl gEeed
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(b) ‘A new-design for the braking system'on a'certain
type of car has beer | proposed. For the current

. 'system, the true average braking distance at 40
mph under specified' conditions is known to be
120ft. It is proposed that the new design be
1mplemented only if sample data strongly indicates

a.reduction in.true average braking.distance for
the new design.
SRS Ah Oy
(1) Define the parameter of mterest and state
" ~'the relevant hypotheses

() Suppos"'e"'h’raki}ng' ‘distance "for the new
system is'normglly _:di_§trib_u_teq with ¢ = 10.
Let X denote the sample average braking
distance for .a.random,sample of 36

observations. Whlch .of the; follow:ng '
... rejection-regions is: approprlate

Rz-—{x x<11520} :
{x ettherx > 125 13 orx < 114 87}'?

What is' the' significance level for ‘the appropriate
region? How would | you' change ‘the’ region to
obtain a test with a =':0019 [Zo 001 = 3.08]

B HEifdenaiy g |
VEALINDI COLLEGE LIBRARY g
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(¢) The article “Development of Novel Ingy
Laminated Planks from Sweetgum Lum

10

tri al
be b

provides the following data on the modulyg
rupture (psi) for a sample of planks:

6807.99

7663.18

7093.71

7440.17.

7886.87

7637.06
6981.46

6032.28

. 7659.50
805326

631667 "

6663.28

7569.75

6906.0’4
737861,

828475

7713.65

6165.03.

' 7437.88

6617 17

___7295.54_1
7347.95

- 7503.33

7422, 69

69914

687239 ';

6984.12

6702.76
|
|
1

767499 |

- Perform a hypothesis ‘test at’ the .01 level to
determine.if the true modulus of rupture for this
type of plank differs from 7500 psi.

[t.005,29

= 2.756] |

b....(a) Natural cork in wine bottles is subject to |

deterioration, and as a result wine in such bottles :

. may experience, contamination The article “Effects |

. of Bottle Closure Type on Consumer Perceptlons |
of Wine Quality” reported that in;a. tasting of | |
co;mmmlal chardonnays 16 of 91 bottles were E

nALINDI, COLLEGE LIBRARYT
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considered spoiled to some extent by cork
associated characteristics. Does this data provide
strong evidence for concluding that more than 15%
of all such bottles are contaminated in this way?
Carty out a test of hypotheses using a significance
level of. 10. | ¥y (%56 ™ 1.28]

(b) The article “Characterization of Highway Run off
in Austin, Texas, Area” gave a scatterplot, along
with the least squares line, of x = rainfall volume
(m?) and y = runoff volume (m?) for a particular

location. The accompanying values were read from

the plot..:rny e
~TsTi2 112117723 130 T40 147 155 |67 [ 72 [ 81 1.96 | 112 | 127
> 141101131515 [ 25 |27 |46 |38 |46 |53 |70 |82 [99 |100

What proportion of the observed variation in runoff
volume can be attributed to the simple linear

regression relationship between runoff and rainfall?

" (c) The article “Racial Stereotypes in Children’s
Television Commercials” reported th,e' following
frequencies with which characters of different
ethnicities appeafed in recorded commercials aired

on Philadelphia television stations.

C,‘ilicﬂ él Tﬁﬂﬁa]m Eﬁ‘a ey P.T0:
KALINDI COLLEGE LIBRARY



5918 12

Ethnicity | African- [ Asian | Caucasian Hispanic
American
Frequency 57 11 330 6

Census data at the time reported the population
proportions for these four ethnic groups was A 77,
.032, .734, and .057, respectively. Does the datq
suggest that the true proportions in commercialg
are different fro‘m’the census proportions? Carry
out a test of appropriate hypotheses using a

significance level of. 10. %305 = 16.26]

IR e qRAIer
 KALINDI COLLEGE LIBRARY
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(2)

(b)

©)

(d

Show that norm is a continuous mapping from '(X, I-]) to R.

Fix a = (o) € I?, define a linear functional f: I > R by f(x) = ZL ag;,
where X =(§j )L . Find the norm of the functional f.

Give definition of the matrix norm. Show that a norm on M_ defined as

"Aum = max au] for 'Az(aij)eM

I<i, j<n i

is not a matrix norm. -

State parallelogram equality for an inner product space. Give an example to
show that die norm on I° does not satisfy the parallelogram equality when
p#2. '

wrferel mﬁﬂm W
\CALIND! COLLEGE LIBRAR?
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(2)

2

. £ s sether impl
In an inner product space X, show that y L X, and x => x tog ply

x Ly

Show that the graph G(T) of a lincar operator T: X — Y is a vector subspace

of X xY,

Let X and Y be Banach spaces and T: X — Y an injective bounded linear

. operator. Show that T'; R(T) — X is bounded if and only if R(T) is closed

2. {2

(b)

()

3. (a)

(b)

(©)

inY. (3x5=15)

Show that the normed space (12, || - ||,) is a Banach space.

Give the definition of equivalent norms on a normed space X. Show that the
below given norms on R" are equivalent :

Jll = o+ o+ o+l

Il =l ol sl el

where x = (X, /X, X5, v X)) & RY:
Prove that in a finite dimensional normed space X every linear operator

on X is bounded. Is the finite dimensional condition necessary for the
assertion? _ (7:5,7:5,/1.5)

Let X and Y be normed spaces and T: D(T) — Y be a linear operator. Then
prove that T is continuous if and only if T is bounded.

Prove that the dual space of R" is isomorphic to R".

Find the norm of the linear functional f: C[-1, 1] > R defined as

£(x) = [ x(t)de~ [ x(1)dt. (7.5,7.5,1.5)

KALINDI COLLEGE LIBRAR:
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4 (@) Stte the Cauchy-Schwarz inequality and, by using it prove the following
&l : t
Let {x } and {y,} be two sequences in an inner product space such tha
X, = X and Y, = ¥, then show that (x,,,y..,) —><X,Y)-
(b) Let {e,} be any orthonormal sequence in an inner product space X. Show
that for any x, y € X,
A CENICRN E N
(¢) Show that in an inner product space X, x L yif and only if ||x + ay]| = [[x]|
for all scalars q. (7:5,71.5,1.3)
5.

(@) Ifzis any fixed element of an inner product space X show that f(x) = <X,Z)

defines a bounded linear functional on X and 19l = ||zl

(b) Let {T,} be a sequence of bounded self-
H on a Hilbert space H. Suppose that IT, = T|| = 0, where ||| is the norm

on the space B(H, H), the space of all bounded linear operators from H to

H. Show that the limit operator T is a bounded self-adjoint linear operator
on H.

adjoint linear operators T :H—>

() LetT:H — H be a bounded linear operator on a Hilbert space H.

(1) If T is self-adjoint, then show that (Tx, x) is real for all x € H.

(ii) If H is complex and (Tx,x) is real for ail x € H, then show that the
operator T is self-adjoint. (7:5,71.5,1.5)

6. (a) Letfbea bounded linear functlonal ona subspace Z of a normed space X.

Then prove that there extsts a bounded lmear functloml f on X which is an
extension of f to X and has the same norm,

difer<l HRIfdene qmer:
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(b)

(c)

4

Ifo =1l

where

[fl, = sup[f )], ana [, = %‘fﬁ(x)f’
lIx]I=1 x||=1

(and [|f]|, = O in the trivial case Z = {0}).

Prove that every Hilbert space is reflexive.

-Define open mapping. Prove that a bounded linear operator T from a-Banach

space X onto a Banach space Y is an open mapping. Also, prove that if T
is bijective then T-' is continuous. ' CTHESA.5.7:8)
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Your Roll NOwacesses

Sr. No. of Question Paper : 10808 K
Unique Paper Code 1 2353010020
- Name of the Paper :  Optimization
Name of the Course :  B.Se. (Hons.) Mathematics
Semester : VII
Duration : 3 Hours Maximum Marks : 90

Instructions for Candidates

1 Write your Roll No. on the top immediately on receipt of this question paper.

2. All questions are compulsory.

3.  Attempt any two par each question.

4. All questions carry quakMarks

5. Use of non-progr able scientific calculators is permitted.

Ques. 1 (i) Examine the convexity of the function f(xy, x;) = 4x2 + x2 + 4%, x,.

(@) (i1) Over what domain is the function f(x) = x2(x2 — 1) convex?

(b) Let fi, f2, ... f: R® = R be convex functions. Consider the function f defined by f(x) =
max{f; (x), f2(x), ..., f (x)}. Show that f is convex.

(c) Define the epigraph of a function. Show that the epigraph of the function f(x) =
+y/(1 — x2), 0 < x < 1 is convex? Justify your answer.

Ques.2  Let S be a nonempty convex set in R™ and let f:§ — R be a convex function. Consider

(a) the problem to minimize f(x) subjectto x € S. Suppose that £ € S is a local optimal
solution to the problem. Then show that X is a global optimal solution. Further prove that,
if f is strictly convex, then ¥ is the unique global optimal solution.

(b) Define a quasiconvex, quasiconcave and quasimonotone functions. State . necessary and
sufficient characterization of a quasiconvex function in terms of its lower level sets.

(c) Give example of the following ‘ ‘

(1) a quasiconvex function which is not pseudoconvex,
(i1) a pseudoconvex function which is not convex.

Ques.3  Suppose that f: R™ — R is twice differentiable at ¥ . If % is a local minimum, then show

() that Vf(x) = 0 and H () is positive semidefinite .

(b) Consider the univariate function f(x) = xe~2*. Find all local minima/maxima and
inflection points. Also, what can you claim about a global minimum and a global maximum
for f ?

(c) Consider the following problem:

Minimize — x,
Subject to '
- (1-x%)=0
—x—(1-x%)=0
Verify that the Fritz John conditions hold true at the optimal point (1,0). Also find the
Lagrange multipliers such that (1 ,0) becomes the Fritz John point.
Ques.4 Consider the following problem -
(a) Minimize x,2 + 2x,?

Subject to Xy +x—2=0. ,
Find a point satisfying the KKT conditions and:verify, that it is an optimal solution.

B HeIfienerd grerere . PT.O
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Ques.5
(a)

(b)

(o)

Ques.6
(a)
(b)

(¢)

2

Let x be a feasible solution to the problem (P) defined as:
Minimize f(x)
Subjectto gi(x) <0, fori=12,...m

h{x)=0,fori=12, ...l

xEX

Where X is a nonempty open set in R"; f:R" >R, g:R" >R fori=
1,2,.....m; hpR" > R fori=1,2,..1
Let (u, v) be a feasible solution to its dual (D) with objective value 8(-4, v).
Prove that f(x) = 8(u, v).
Consider the following primal problem

Minimize — 2x, 4+ x,
Subjectto  x;+x3—3=0.
(x.x;) €X
Where X = {(0,0), (0,4), (4,4),(4.0), (1,2),(2,1)}. Find the cual objective function.
Further find the optimal solutions of poimal and dual problems and show that there exists
a duality gap.
Consider the following Quadratic Programming Problem (QPP):
Minimize (x; — x3)% + x,(x; — 6) — 2x4
subjectto x;+x,<2
—x; t+ sz <2
X% 20
Express the objective in the standard QPP form ¢"x + x"Dx.Is D positive definite? Write
the KKT conditions for this problem.
Use Wolfe’s Method to solve the following Quadratlc Programrmng Problem:
Maximize z = x, + x; — x% + 2x,x, — 2x2
‘subjectto. 2x;+x,<1
xy,x, = 0.
Starting from the point (0,0), perform two iterations of the steepest descent method to
minimize f(xy,x;) = 2x% + 2x,x; + x3 + x, — x; over (x1,x,) € R?. Is the obtained
solution after two iterations optimal?
Use Newton’s method to minimize f(xy,x;) = 2x7 + 2x;x, + 3x2, (x,,x,) € R?
starting with the point (-2, -3)
Consider the linear fractional programming problem

e cTx+a
Maximize TxiB
subjectto Ax=Db
x =0

Where x,c,d € R",A € R™*",b € R™, a, B € R. Let xp be a tasic feasible solution(b. fs)
with basis B. Derive the conditions to ensure that the current 1..f.5 can be improved to get
another b.f.s with improved objective value using simplex algorithm.

Solve the following linear fractional programming problem by the simplex algorithm

R 2x4+3x
Maximize ———2
X1+x2+7

subjectta 3x, + 5x, < 15
4x1 + 3x2 < 12
X1,x; = 0.

<) wRIfdenay gRedTer
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Sr. No. of Question Paper : 6362

Unique Paper Code
Name of the Paper
Name of the Course

Semester

Duration : 3 Hours

2352571101
DSC — Topics in Calculus

K

Bachelor of Arts / Bachelor of Science
(Programme) with Mathematics as non- major /

minor
I

Instructions for Candidates

Maximum Marks : 90

1. Write your Roll No. on the top immediately on receipt of this question paper.

2. All questions are compulsory.

3. Attempt any two parts from each question.

4. All questions carry equal marks.

1. -
-a) Test the continuity at x = 0 of the following function:
1
f(x) = sin; forx #0,  f()=0.
b) Ifu =log(x® + y3 + z3 — 3xyz), then find the value of
ou o du au
*ox y T
c) Find the nth differential coefficient of
y = sin® x cos® x.
2

a) Write the statement of Leibnitz’s Theorem, and differentiate » times the following
differential equation with respect to x

(1—-xDy, —xy; + a’y =

b) Ifu=xf e) +4g (f)' ﬂagn p;ozv; I 82u 8%u

0

= 0.

x2—

2
T 2%Y 5% 6y+y dy?

c) Discuss the differentiability at x = 0 of the following function:

ei/x s e—1/x
f(x)=x el/x 4 e-1/%

Difer<l HEMfAETerd RidpTerd

forx # 0,

f() =0.
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3
a) Evaluate
x cos x — log(1 + x)

L (x%)
b) State Lagrange's Mecan Value Thc.orcm and use it to show that
<log(l+x)<x, x>0.

1+

c) State Rolle’s Theorem and discuss the applicability of Rolle’s Theorem for the function
fG)=|x|, xe[-1,1].

4.
a) In the Cauchy’s Mean Value Theorem, consider f(x) = 1/x% and g(x) = 1/x in the
interval [a, b], then show that ¢ is the harmonic mean of @ and b; where a, b, ¢ €
(—o0, ).
b) Evaluate
Jim (1+3)"
c) State Taylor’s Theorem with Lagrange’s form of remainder. Prove that
x xZ 3 xn1 xn eox
=1+— +ET+3'+ +( _1)!+ =
Where 0 < 0 < 1.
5. .
a) Find the asymptotes of
yi+x?y+2xy?—y+1=0.
b) Find the double points and points of inflexion, if any, of the curve
a* b?
X pE
c) Evaluate
/8
f cos34xdx.
0

a) By using reduction formula, evaluate
1
f x2(1 — x2)3/2 dx.
0

b) Trace the curve
y2(a + x) = x?(3a — x).

c) Show that the curve
* — 2ax?y —axy?+a?y?=0
has a cusp of the second kind at the origin.

E!Wﬂ"’ﬁam

KALINDI COLLEG LIBP.ARY (4000)



o

[This question paper contains 4 printed pages.]

Your Roll NO.ccciocsseaeess
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Semester .

Al |

Duration : 3 Hours Maximum Marks : 90

lp_structions for Candidétes _

1. Write your Roll No. on the to

p immediately on receipt
of this question papet.

. 7 Attempt. any Two parts from each question.

3. Al questions carry equal marks.

L7 (a) Discuss the continuity of the functi.on f: R > R,
defined by

- f(x) = [x] + 1)
at x = 0 and x = 1. N e )

 piferl AEfEea s
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" (b) Find the n't derivative of

_ x+1
y(x)—-(?:r)z'

(c) If
u(x,y,z) = log(x* +y* + 23 — 3xyz),
then show that
2

(a +i+ 6) e 9 -
9x 9z/ = (x+y+z)?

(a) Examine the cont1nu1ty and dlfferentlablhty of the
function f: R - ]R such that

.2 < St 5

flx) = [x sml(;),- x * 0;

: 0: ’ x =0

at x'=0.
(b) If

y(x) = acos(log x) + b sin(log x),
where a and b are constants, then prove that

X?y,., + 2o+ Dxy,,, + (n2+1)y, = 0.

(c) Define a homogenous function of degree n. Further,
~prove that if | '

Pifer<l ey g&iarerd
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u(x,y) = cos™* (;:i’/..)

au au- 1

ax p dy -f S, =

then

3. (a) State and prove Lagrange’s Mean Value Theorem.

Give its geometrical interpretation.
(b) Show that for x>0,

1+ <log(1+x)<x

(c¢) Evaluate

| 0 Ll_rg(cosecx—cotx)
1 1

6 lim (7 —3) ,

von el — X

(iii) Jlrl_r}}(l x) tan( 2)

4. (a) Verify Rolle’s Theorem for
(i) x3 — 6x* +'11x — 6, X e [1,3]
(i) sin(x), x € [0,7]

(b) Using Maclaurin’s series, expand f(x) = sin x aﬁd
g(x) = cos Xx.

'mﬁéﬁﬂ=ﬁﬂﬁgmaazﬁaaﬂau P.T.0.
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- - . . [n(tanx—x)
(c) Evaluate -!:lj;la tan (—-(;—55;;— ’

5. (a) Find all the asymptotes of the curve
x + 2x%y — xy? — 2y% + 3xy + 3y2 + | = 0,
(b). Find the nature of the origin on the curve

aty? = x4%(x2-a?).

n-1

(¢) If un = fZcos™(x) dx, show that u, = —)un_,.

Hence, evaluate u,.

6. (a) Determme the position and character of the double
pomts on the curve -

(x—2)* = ¥y —1)%:
(b) Obtain the reduction fO@ulg for fz s?nm _(x) cos™(x)dx,
where m and n are even positive integers. Hence
evaluate jfsiw_zz(x) c‘osa(x)dx. |

(¢) Trace the curve y = x3 — 3ax?.-

m%aﬁw%mum

KALINDI COLLEGE LIBRARY
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of this question paper.

2. Attempt any two parts from each question.

3. All questions are compulsory.

4. Marks are indicated.
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1. (a) Determine the following :
(1) Compute the truth table of the statement
(p=q) and (~p)vq

(i) If p = q is false, then determine the truth

value of (~(p A q)) = q. Explain your

answer. (7.5)

(b) Let A = Z (the set of all integers). Define the
relation R on A as a R b if and only ifaSb%I- 1;
Dete‘rmine whether the relation R on A is
reflexive, irref'lexivé, symmetr.ic, asymmetric,
antisymmetric or transitive. Is R .an equivalence

relation on A? (7.5)

(c) Using mathematical induction, prove that
n! > 2™ for every positive integer n.

(7.5)

e wEieer
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. .red DY
2. (@) Let f: RxR — RxR be a function defim
f(a,b) = (a+b, a-b). Determine wh

r
: A poth ©
the function f is one to one or onto (or

(7-3)
neither).

(b) Let A = {2, 4,8, 16, 32}. Consider the partial 0rder
of divisibility on A. That is, if a and b € A
a < b if and only if a divides b. Draw the
| Hasse diagram of the Poset (A, <). How many

- - in
maximal and minimal elements are there

(A, <)? =y _ (7.5)

(c) Find the lower and upper bounds along with
greatest lower and least upper bound of the set
B = {1, 2,3,4,5}, if they exist, in the following

Hasse diagram. - (7.5)

HALINDI COLLEGE LIBRARY
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e, ¥

3. (a) Let A be the set of positive integers and B be the
set of even positive integers. Let < and <’ be the
partial order “less than or equal to” on A and B
respectively. Show that the function f: A —» B
givén by f(a) = 2a is an order-isomorphism from

(A, <) to (B, <. . (7.5)

(b) Let (L, A, v) be an algebraic lattice. Define a
| relatiqq ‘<’ on L by a. <bif and only ifav b =

b. Prove that (L, <) is a lattice ordered set.

(7.5)
B 5 -

B’ALE’NDI COLLEGE LIBRARY
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(¢) Define sublattice of a lattice. Prove that every

- f
non-empty subset of a chain L is a sublattice ©

L. (7:5)

4. (a) Prove that a join-homomorphism between 1attices
is an order homomorphism. Also, show DY

example that the converse need not hold.

(7.5)

(b) Determine whether the Diamond lattice and

the Pentagon lattice are distributive lattices.

(7.5)

(c) Define a complemented lattice. Prove that if L is
a distributive lattice, then each x € L has at most

one complement. - (7.5)

iferey wEtqaed TR
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s () State and prove De Morgan’s Laws fq; .

Boolean algebra B. (4.5)

(i) Show that the lattice ({1.2.3.6.9.18}. gcd. lcm)
does not form a Boolean algebra for the set

of positive divisors of 18. 3)

(b) (i) Find the Boolean Polynomials that induces

the function and combine them to bring to a

simpler form. €Y

bs b2 bs f{b1.b2,bs)
0 0 0 1
0 0 1 0
0 1 Q 0
0 I 1 1
1 0 0 1

< 5 | 0 1 0
1 1. |0 0
1 1 1 0

S g WQT
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uiVﬂlC“t?
(3.5)

(i) Are x(y + z)' + x' + 2" and (xz)' ¢q

f
(¢) Let X = (1,2,3} and P(X) be a power set ©

n
X. Show that (P(X), U, n) form 2 Boolea

Algebra. (7-3)

6. (a) Use Karnaugh map to simplify —

() f(x,y,z) = x'y'z’ + x'yz’ + x'yz + xyz'
(3.5)

(i) f(x,y,z) = x'y'z’w + x'yz'w' + xyz'w' +
xy'z’w' + x'y'zw' + x'yzw' + xyzw' +

xy'zw’ | 4)

(b) Draw the symbolic representati ve of the circuit

given by-

f(x,y,2) = X+ YK +(¥+2) (¥ +2)

(7.5)

DTFC‘T_JT WET m TRIBTy
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(c) Use Quine-Mc-Cluskeys Method to simplify-

wx'y'z + w'x'yz + :
y y wxyz' + wx'yz + w'x'y'z +

wx'yz' ‘
y | (7.5)

i Y
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Instructions for Candidates

1.  Write your Roll No. on the top immediately on receipt of this question paper.
The paper has two sections A and B. Section A is compulsory.

Attempt any four questions from Section B. Each question in this section is of 15 marks.
Use of a calculator is allowed.

W

Section A

1 (a) In case of graphical solution of an Linear Programming Problem (LPP), (3)
how can one determine whether the given problem has a
i.  Unique solution
ii.  Multiple solution
iii.  Infeasible solution

(b) Define convex function. Check whether the following function is convex  (5)

or not.
fxy) ={x*+y? =6}

(¢) Find the point of global and local maxima for the function f(x) = x3 — (&)
6x ontheinterval -2 <x <3

(d) Show that the function f(x) = 8x; + 12x, + x? — 2x2 has only one 5)
stationary point, and the point is neither a maximum or minimum, but a
saddle point.

(e) Find out the optimum value of f(x;,x;) = —log(1 — x; — x3) — (6)
log x; — log x, using Newton’s method till four iterations.

(f) Find out the optimum value of f(x) = 7x — log x using Newton’s ' (6)
method till four iterations.

Section B
2 A company produces two types of computers (i.e. A and B). Each (15)

computer of the first type requires twice as much production time as the
second type. If all computers are of the second type only, the company can
produce a total of 500 computer a day. The market limits daily sales of the
first and second type to 150 and 250 computers respectively. Assuming
that the profit per computer is Rs. 8 (in thousands) for type A and Rs. 5 (in
thousands) for type B, formulate the problem as a Linear Programming.

eiferdt HeIfdaTed eaar PTO.
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3 (@
(b)
4 ()
(b)
5 @
(b)
6 (a)
(b)
7 (a3
(b)

2

Find out the optimum value of the function f(x) = (x — 5)? using line
search optimization algorithm where input range of x € [-10,20] and
also draw the graph at the input range.

Find the points on a circle x2 + y? = 16, which are closet and farthest
from (1,2) using Lagrangian method.

Use line search method to minimize f(x3,%2) = X1 — Xz + 2x3x; +
2x;? + x2 where (x,,x,) € R?

Use the conjugate gradient method to minimize f(x;,%;) = 2x7 —
2x:x; + 2x%, where b = [1,0]"& (x,x2) € R?

Explain any two methods used for finite-difference approximating
derivatives?

Consider the following Linear Programming Problem:
max Z = 3x + 2y

subject to the following constraints:

x+2y <720

2x+y <780

x <320

x,y =0

Solve the given problem using Simplex method.

Find out the error of function f(x) = 3x3+ 2 using approximating
gradient method.

Find the rate of change of the function f(x,y) = x®y at x, = (1, —2) in
the direction of vector u = (1/2 s \/5/2)

What is smoothness? Discuss the general formulation of constrained
optimization.

Find min x? over [-5,15] by the golden section rule, using epsilon=1.5.

- @ifer<] HeIfdenay gRIETe
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tion of the lowest degree with real

1. (a) Form a cqua
1) as two

coefficient which has (1 + 31) and (2 -

of i1ts roots.

(b) Find all the integral roots of
x? — x3 — 19x2 + 49x — 30 = 0.

(c) Without actual division, find the remainder when
3x4 — 5x3 + 10x2 + 11x — 61 is'divided by x — 3.

2.« @) X, —cos[n]ﬂsm(;], then prove that
2 d _

x xz, X3 we e o0 = _1n

1?

2

I .ﬁJ%.

~(b) Find all the values of [E+l_—

(c) Use De-Moivre’s theorem to solve the equation
z*+1 =0 for z € C.

3. (a) Solve the cubic equation x3 — 9x + 28 = 0 by
Cardan’s method.

(b) Find a necessary condition for the roots of equation

3 2 E : ;
a,x’ + 3a x* + 3a X +a, =0 to be in the geometric
progression.

GAIRE rT Hﬁﬁm SESEAR K
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(¢) Solve the equation x* — 15x2 + 20x — 6 = 0 by the

method of Descartes.

4. (a) Solve the equation x> — 18x — 35 = ( using Cardan’s

method.

(b) Transform the equation 25x* + 5x3 — 7x*+ 1 =10
- into one with integral coefficients and unity for

the coefficient. of the first term.-

(c) Find the solution of equation x* +3x* +2x + 12 =

0 by Descartes method.

5. (a) If a, B, vy are the roots of equation x* + px? + gx +

r = 0 then prove that

ZGZB =3r—pq. |

(b) Solve the equation x> —:5%x? = 16x + 80 = 0 for the

sum of two of its roots being zero.

(c) If a, B, y be the roots of equation x* + qx +r=0,
then find the value of the symmetric function

BEg] TRy
Z(;+EJ . Eb]l;i"’k' 6 HIEM’IE'IH
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0. (a) Find the equation whose roots are the roots of the
cquation

XY= Sx3 4 7x2 - 17x + 11 = 0,

cach diminished by 4.

(b) Find the value of the symmetric function Ya? for

the equation

x? + 5x% - 6x + 3 = 0, whose roots are o, B, 7.

(c) Use Newton’s formula to prove that for a cubic
equation x* + ax? + a,x + a, = 0,

— 4 — 2 2-
S, a 4al a, + 43133 + 2a,%;

where s, = ¥(a))%, «,, a,, a, the roots of the

given cubic equation.

@l TR ey
KALINDI COLLEGE LIBRARY
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Your Roll NO..ooe
Sr. No. of Question Paper : 6482 K
Unique Paper Code : 2352572301
Name of the Paper . Differential Equations
Name of the Course . B.A./B.Sc. (Prog.) with
Mathematics as Non-Major
Minor
Semester - III
Duration : 3 Hours Maximum Marks : 90

Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt

of this question paper.

2. Attempt all questions by selecting two parts from

each question.

3. All questions carry equal marks

1 % (a) Determine the constant A such that the following

equation is exact, and solve the resulting exact

equation :

Ay YJ [1 1]
AY 2 |dx+| ———|dy=0
(x3 x* x? X d

KALINDI COLLEGE LIBRARY = ©:
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(b) Solve the initial-valuc problem :
2x(y + 1)dx — (x2+ 1)dy =0, y(1)=-5

(¢) Solve the differential equation

(2xy2 +y)dx + 2y?-x)dy =

2. (a) Find the orthogonal trajectories of the family of
ellipses having center at the origin, a focus at the
point (c, 0), and semimajor axis of length Zc.

(b) In a certain bacteria culture the rate of increase
in the number of bacteria is proportional to the

number present.
(i) If the number triples in 5 hours, how many

will be present in 10 hours?

(il) When will the number present be 10 times
the number initially present?

(c) Show that e, e3* and e** are linearly independent
solutions of the differential equation

dy _4d +5dy+12y 0
dx> dx? dx

Also, write the general solution.

(a) Using the method of undetermined coefficients,

3.
find the general solution of the differential equation
5 .
2t Y. +4y =x%e*
dx?  dx

C
KALINDI COLLEGE LIBRARY
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(b) Solve the initial value problem
Moyt w3y =il ()= 6, y'(0) =~

(c) Using the method of Variation of Parameters, find
the general solution of the differential equation

y" + y' — 6y = sin(2x)

4. (a) Find the general solution of the given differential

equation

2
23 +3x9i—3y 4x

dx? dx
(b) Write the general solution of the 10th order
homogenous differential equation whose auxiliary

equation has the following roots :
3.8 & @ 54 i 84 050, Lebd, 1 =1,
Also, verify that e** and e®* are solutions to the

differential equation

2
d’y _.dy
dx

i +6y=0

(¢) Find the general solution of the linear system :

L Py
. - dt

dx dy 2
LB A SR
TR TR el

Fiferd! ARRETe qRee
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5. (a) Eliminate the arbitrary function f from
z =x +y+ f(xy),

and obtain the partial differential equation. Also

specify the order.

(b) Find the general solution of the partial inferential
equation
YU, -— X8, = 1

(c) Reduce the equation
yu + u, =X

into canonical form and obtain the general solution.

6. (a) Apply the method of separation of variable u(x, y)
= f(x) + g(y) to solve the equation

(b) Solve the Cauchy problem
2

yu, +xu, =0, u(0,y)=e™”

(c) Classify the partial differential equation

yu,, — Xu, = 0, x>0, y>0.

Also, obtain the general solution by reducing it to

canonical form.

BIferay
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. Your Roll NoO.iosereaenres
Sr. No. of Question Paper : 7045 K
Unique iP-aper Code + 2352572301
Name of‘ the Paper . Differential }équations
Name o;f the Course . B.A./B.Sc. (Prog.) with

Mathematics as Non-Major/
Minor

Semester : I

Duration : 3 Hours Maximum Marks : 90

Instructions for Candidates

1. Writé your Roll No. on the top immediately on receipt
of this question paper.

2.  Attempt all questions by selecting two parts from each

- question.

3. _All_qliestions carry equal marks.

1. (a) Determine the most general function N(X, y) such
that the following cquation is exact, and solve th2

resulting exact equation:

(x3 + xyHdx + N(X, y)dy = 0

Fifers) AR Jradierd PO
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4.

(a) Find the solution of the differential equation

12
4 6% 4 25y=0, y(0)=-3, y'(0)=-1.
dx* dx

(b) Using the method of undetermined coefficients,
find the general solution of the differential equation

7 + Z-d(-ii’—+4y =cos(4x)

(c) Using the method of Variation of Parameters, find
the general solution of the differential equation

dl
d—;-2—4 y=cot(x).

(a) Find the general solution of the given differential

equation

2
247 4 W 6y=dx-6

dh (x

(b) Find the general solution of the linear system

dx 4 -El-"{-—Zy-—-ély:ct

dt dt

d.
e Y gt
dt dt

KALINDI COLLDGF LIBRARY
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(c) Show thatx = 2e*,.y.=eand x=¢', y= ¢ arc
two linearly independent solutions on every interval
a £t £Db ot the homogeneous linear system :

dx
—~=3x+4
dt v
}!’
-=—=2x+y
dt ’

Also, write the general solution.

5. (a) Form partial differential equation by eliminating
arbitrary constants a and b from the equation

2z = (ax +y)* tb
(b) Find the general solution of the partial differential
equation

(x - y)y*u, + (x-y)xfu, = (x*+y)u

'(c) Solve the Cauchy problem
i, XL, = 0, u(0,y) =siny

6. (a) Solve
y2u ~a—u+ uzx?}-l- — —xy2
ox
(b) Use v = In u and then v(x,y) = f(x) + g(y) to
solve the equation

y B B
X'y & ¥ oy =0

using the method of separation of variables.

(¢) Reduce the equation: u_-+ xu, =y 10 canonical
form and hence find the general solution.

et Teferert yemer (1000)
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Sr. No. Your Roll NO.ccaseaaes

: of Question Paper : 7140 K
Unique Paper Code : 2353572001
Name of the Paper :  COMBINATORICS
Name of the Course i B.Sc. (Prog.) — DSE
Semester o IIT
Duration : 3 Hours Maximum Marks : 90
1

Abstructions for Candidates

1. Write your Roll No. on the top immediately on receipt of this question paper.
2 Attempt all questions by selecting two parts from each question.
i‘ All questions carry equal marks.

Use of a Calculator is not allowed.

Q1. (a) How many non-empty different collections can be formed from 6 identical bananas and
7 identical mangoes? -
(b) How many ways are there to arrange the seven letters in the word ‘SUCCESS’? In how
many of these arrangements do the two Cs appear together?
(c) If there are n objects, with r; of type 1, 7, of type 2, . . . , and Tm of type m, where r; +
T2 + **++ 1y = n, then prove that the number of arrangements P(n; 13,75,...,7y,) of these
n objects is given by ’

3 — (nY (n-r n=-r-rz\ ... (n-ri-rz=rm-1\ — n!
P(n; r,1,.,m0) = (ﬁ) vi ‘) iy ’) ( - ‘) =,
Q2. (a) In bridge, the 52 cards of a standard card deck are ran(iomiy dealt 13 apiece to four
players. What is the probability that each player has one Ace?

(b) Let M be a multi-set with r distinct objects x;, X, ..., x; each with infinite multiplicity.
Let C (r, k) denote the number of k-combinations of M. Then, prove that

Tk = (k+:c—1).

(c) Let X be a finite setand let ;; i = 1,2,...,nbeasetofn properties satisfied by (some
of) the elements of X. Let A_i denote the set of those elements of X that satisfy the property
P;. Show that the size of the set A; N4, N--N A, ofall those elements that do not satisfy
any one of these properties is given by
A; nA; N0 Ay =|X] = LA + Ticicjen)di 0 4] — -

+‘[("" 1)k E:stl-ﬁz{-—-dksulAtl n Aiz =N Afk |}
+ = + (=14, N4, nAd,|
Q3. (a) Find a generating function for modelling the number of distributions of 16 chocolate

bunny rabbits into four Easter baskets with at least three rabbits in each basket. Which
coefficient do we want?

(b) How many ways are there to select 25 toys from seven types of toys with between two

and six of each type? $
Hiferar nAfETery gReed
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(c) Define exponential generating function. Find the number of different r arrangements of
objects chosen from unlimited supplics of n types of objects.

Q4. (a) Find and solve a recurrence relation for the number of matches played in a tournament
with n players, where n is a power of 2.

(b) Find a formula for a, satisfying the relation a, + 2a,_; + a,_4 = 0 with initial
condition ag = 0,a; = 1,a, = 2 and a; = 3.

(c) Find a functional equation for g(x) = a, + a;x + a;x* + -« + a,x™ + --- where &5
satisfies the recurrence relation a,, = n + a,_, foralln > 1.

Q5. (a) An elf has a staircase of n stairs to climb. Each step it takes can cover cither one or two

or three stairs. Find a recurrence relation for a,,, the number of different ways for the elf
to ascend the n stairs.

(b) For a natural number n, let p(n) denote the number of partitions of n. Then find p(5)
and p(7).

(c) Define the conjugate of a partition ™ = (ay,a,, ..., ay). Find the conjugate of the
partitions ; = (10,5,5,3,2,2,1) and m, = (7,5,4,2,1,1).

Q6. (a) Show that o »
Pay part partitions (x) = l—[(l — xj) -
j=1

(b) Define Ferrers Diagram. Which of the following is/are Ferrers Diagrams? Give

Reasons.
@) (ii)

Also, draw Ferrers diagram for the partition 7 = (4, 3,3,2,1).

(c) Define Durfee Square of Ferrers Diagram. Show that for any m € Z*, Durfee Square
D;;, is also a Ferrers Diagram of some partition. Draw the Ferrers Diagram of the partition
n = (10,5,4,3,3,3,3,2) and highlight the Durfee Square in the same.

P T Taea
KALIND! COLLEGE LIBRARY
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Your Roll NOucweseesserneee
Sr. No. of Question Paper : 14158 K
Unique Paper Code 2352572301
Name of the Paper . Differential Equations
Name of the Course . B.A./B.Sc. (Prog.) with Mathematics as Non-

Major/Minor

Semester I
Duration : 3 Hours Maximum Marks : 90

Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt of this question paper.
2. Attempt all questions by selecting two parts from each question.

3. All questions carry equal marks.

Q1. (a) Determine the most general function N(x, ¥) such that the following equation is exact,
and solve the resulting exact equation:
(x3 + xy?)dx+N(x,y)dy =0
(b) Solve the differential equation
y?dx—(1-3xy)dy =0
(c) Solve the differential equation
(2x + tany) dx + (x — x?tany) dy = 0

Q2. (a) Find the orthogonal trajectories of the family of circles which are tangent to the y axis
at the origin.

(b) A large tank initially contains 100 gal of brine in which 10 Ib of salt is dissolved. Starting
at t = 0, pure water flows into the tank at the rate of 5 gal/min. The mixture is kept
uniform by stirring and the well-stirred mixture leaves the tank at the rate of 2 gal/min.
How much salt is in the tank at the end of 15 minutes and what is the concentration at

that time?
(c) Consider the differential equation
d’y _dy
Fror i

(1) Show that e* and xe* are linearly independent solutions of this equation on the
interval —oo < x < +co0.

(i) Find the solution that satisfies the condition y(0) = 1, y'(0) = 4. Explain why this _
solution is unique.

Q3. (a) Find the solution of the differential equation

d’y _dy
— — 6— = 0) =-3 v = -1,
a2z 6, t 25y =0, y(0) y'(0) 1
(b) Using the method of undetermined coefficients, find the general solution of the differential
equation
. + Zdy + 4y = 4
axt Tlgg tW = oslix)

P.T.O.
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(¢) Using the method of v

. ! ariation of p : e
differential equation Parameters, find the general solution of th

dzy
el T Y= cot(x)

Q4. (a) Find the general solution of the given differential equation

d?y d

Xt ——= ;Y = 4x -
dx? 4xdx toy=4x-6

(b) Find the general solution of the linear system

dx dy
R S e o
at g T x W =e
dx dy

—_—— i S — 4t
dtv+dt ¥ =

= 205 ; :
© Shovy that x = 2e _tr y=e*andx=e", y = —e~" are two linearly independent
solutions on every interval a < t < b of the homogeneous linear system:

dx__3
a Xt
dy_
dt—2x+y

Also, write the general solution.

Q5. (a) Form partial differential equation by eliminating arbitrary constants a and b from
the equation
2z=(ax+y)’+b
(b) Find the general solution of the partial differential equation
(x = y)y?uy + (x = y)x’uy = (x* + yHu
(c) Solve the Cauchy problem
uy +xuy, =0, u(0,y) =siny

Q6. (a) Solve ] = 2 u
o _— ==X
yu o +u°x B y

(b) Use v = Inu and then v(x,y) = f(x) +g() to solve the equation

xzuxz + yzuyZ:_ uz

2

using the method of separation of variables.

(c) Reduce the equation: u, + xuy =y 10 canonical form and hence find the general solution.

(200)
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Your Roll NoO..c.ocviaaannes
Sr. No. of Question Paper : 6439 K
Unique Paper Code : 2352203501
Name of the Paper . Elements of Real Analysis
Name of the Course : B.A. / B.Sc. (P) with
Mathematics as Non-Major/
Minor
Semester 3
Duration : 3 Houral; Maximum Marks : 90

Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt

of this question paper.
2.  All questions are compulsory and carry equal marks.

3. Attempt any two parts from each question.

NEN )

1. (a) Show that for all x, y € R,

rferdt AT QRAdIerd
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(b) Show that for all x, y € R,

X
P

1+x 1+Y

0<x<y =

(¢) Define infimum of non-empty subsets of R. Find
| supremum and infimum of the following sets :

(1) {— 1<X<2}

(i) {1+2L neN}

2. (a) Prove that a set cannot have more than one least

upper bound.

(b) Prove that a sequence cannot converge to more

than one real number.

(c) Prove that if x> 1, then lim LAY, )
n— xn

n? +3n+5

3. (a) Show that Ilim =

1
n>o2n? +5n+7 2

forar Refdemery o
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(b) Using the definition of limit of a sequence, show
that

lim3+2x/H__
noo  /pn

(c) Prove that lim —-—=

n—w +/n

L

4. (a) Show that the sequence <Sn> defined by S, =«/5,

Sn+1 =4/(2S,) converges to 2.

(b) Prove that a sequence éonverges if and only if 1t

1s a Cauchy sequence.

(c) Prove that every sequence has a monotonic

subsequence.

5. (a) Test the convergence of the series

& (—1)n Sin no
Zn:l n3

,o being real.

amﬁﬁﬁtﬁﬁﬁmaugﬁﬁME ;
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(b) State Leibnitz test for convergence of an alternating
series of real number

Zm_](—-l)nl u,, where u_ > 0.

n=

Apply it to test the convergence and absolute
convergence of the series

1 1 1
1- + -t
22 33 4ya
1
(c) Show that the series ZnHZ__—_p is convergent
n(logn)'

if p>1 and divergent if 0<p<1.

6. (a) Test for convergence the series

1 1 1

- + -
Vv1.2 /23 /34

(b) Test for convergence the series whose n'® term

vn+1—-+/n-1

n

s

(c) Test the conditional and absolute convergence of

(_1)n+l
the series Zn=l =

-—F‘fl =S TEfETer EIDTAT,
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Your Roll No.iaaieiaanaes
Sr. No. of Question Paper : 6652 K
Unique Paper Codc : 2353200007
Name of the Paper : COMBINATORICS
Name of the Course : B.A. (Prog.) — DSE
Semester _ iV |
Duration : 3 Hours Maximum Marks : 90
Instructions for Candidates
1. Write your Roll No. on the top iﬁmediately on receipt

of this question paper.

2. Attempt all questions by selecting two parts from

each question.

3. All questions carry equal marks.

4. Use of a Calculator is not allowed.

i) qaifdenerd JRidied
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(a) There are 7 books of Hindi, 3 books of English
and 9 books of German. All books are different

1.

How many ways are there to pick an (unordered)

pair of two books not both in the same language?

(b) How many different 9-digit binary sequences are

there with six 1’s and three 0°s?

(c) A committee has to be formed from eight women
and five men. In how many ways can the committee
be formed if it must contain equal numbers of

women and men, and the committee can be of any

positive size?

2. (a) In bridge, the 52 cards of a standard deck are
randomly dealt 13 each to four players. What is
the probability that one specific player has all 13

spades?

(b) If a fair coin is flipped 11 'times, what is the

probability of 9 or more heads?

(c) Prove that the number of derangements D_on n

letters is__giv_qn by..
=nifi el il
D, = nif1 14— = +(-1) =

e

TATY

ALINDI COLLECE LIBRARY



6652 3

3. (a) Find an exponential generating function for the
number of distributions of r distinct objects into n

different boxes with exactly m nonempty boxes.

(b) Build a generating function for a_, the number of

- integer solutions to the equation:
81+32+e3+84+€5+85=r, 0<e <6

(c) Verits tha binowniol i.dentfi.ty
G =) +@ ) +-+()"

4. (a) An elf has a staircase of n stairs to climb. Each
step it takes can cover either one stair or two
. stairs. Find a recurrence relation for a_, the number

of dlfferent ways for the elf to ascend the n-stair
staircase.

(b) Solve the recurrence relation a, =3a_, — 2a_

£

with initial conditions a, = a; = 1.

(c) Find functional equation for the generating function

whose coefficients satisfy the following relation:

pifery TEETe qREHTery P.T.O.
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5. (a) Find the coefficient of x!? in

(xz 3 x3 S x4 94 xS L xﬁ + x7)3.

(b) Define a partition of a positive integer n into k
parts. Write the set of all partitions of 7. Hence,
deduce the value of p(7).

(c) Define the conjugate of a partition © = (a,, a,,...,
a,). Find the conjugate of the partitions 7, = (9,4,4)
and &, = (7,5,4.2,1,1).

6. (a) Show that
o .
N—1
Paii part partitions (X) = I |(1 e x}) .
. J=1

(b) Define Ferrers Diagram. Write any two partitions
of 12 into 5 parts and draw their corresponding
Ferrers diagram.

(c) Show that for any m € Z*, Durfee Square Dm is
also a Ferrers Diagram of some partition. Draw
the Ferrers Diagram of the partition 7t = (10, 5, 5,
3, 2,2, 1) and highlight the Durfee Square in the

same. - it — ——

KALINDI COLLEGE LIBRARY
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Your Roll No....cocoeeeene
Sr. No. of Question Paper : 6653 K
Unique Paper Code : 2353200008

ELEMENTS OF NUMBER
THEORY

Name of the Paper

Name of the Course Discipline Specific Elective

Semester V (Part 3)

Duration : 3 Hours Maximum Marks : 90
Instructions for Candidates
1. Write your Roll No. on the top immediately on receipt

of this question paper.

2.  Attempt all question by selecting two parts from each

question.
3. All questions carry equal maria.

4. Use of Calculator not allowed.
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1.

3 2

, I S B
(a) If n is odd integer, show that n* + 4n® 11 18 of

the form 16k, for some integer k.

(b) By using division algorithm show that the cube of
any integer has one of the forms 9k, 9k + 1, 9k + 8,

for some integer k.

(¢) Prove that gcd (a,b) = 1, then gcd (atb, ab) = 1.

(a) State Fundamental Theorem of Arithmetic and
prove that for any integer k # 0, gcd (ka, kb) = k|
ged (a, b). :

(b) Show that 41 divides 22° — 1.

(¢) Solve the following simultaneous congruences :

x = 2(mod3), x = 3(mod5), x = 2(mod7).

(a) If gcd(a, 35) = 1, show that a!? = I(mod35).

(b) State Wilson’s Theorem and use it to flnd the
remainder when 15! is divided by 17.

(c) Prove that t(n) is an odd mteger if and only if n
is a perfect square. |

Prforay Tmﬁam
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4. (a) Find the highest power of 5 dividing 1000! and
highest power of 2 dividing 50!. '

(b) Show that ¢(n) is an even integer for n>2 and

calculate $(5040).

(c) Prove that:
1P~1 + 2p-1 4 3p-1 + ... 4 (p — 1)P! = —1 (mod p),
where p is an odd crime

5.  (a) Employ Hills Cipher to enc'r'ypt the message
BUYNOW using the congruences

C, = 2P, + 3P, (mod 26)

1

C, = 5P, + 8P, (mod 26).

(b) Prove that the integer n = 21%(2°-1) is not a perfect

number by showing that

o(n) # 2n.

(c) Show that the Mersenne number M,, is not a prime
number.

IS Fafaey qwed
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6. (a) Prove that the Eermat number F, = 22° 41 18
divisible by 641.

(b) If the Caesar cipher produced KDSSBELUWKGDB,
what is the plaintext message?

(c) Show that the sum of the squares of the first n
Fibonacci numbers is given by the formula

2 2 2 - a 2 =
4 & U s s ¥ " u, U, Uptre

e FEHIET YRl
KALINDI COLLEGE LIBRARY
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Sr. No. of Question Paper

Unique Paper Code
Name of the Paper

Name of the Course

Semester

Duration : 3 Hours

Your Roll NO.iieiesoaas

7041 K
2352203501

Elements of Real Analysis
B.A. / B.Sc. (P) with

Mathematics as Non-
Major / Minor

A

§

Maximum Marks : 90

Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt

of this question paper.

2. All questions are compulsory and carry equal marks.

3. Attempt any two parts from each question.

1. (a) Let F be any ordered field and x, y, z € F. Show

that if x <y and y < z, then x < z.

(b) Prove that for all x, y € R,

min{x,y} = —max{—Xx, —y}.

pifory TaEridarery gThieTd
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i

(¢) Define an upper bound of ‘
- . i g O
R. Find supremum and infimum of the f

1 non-empty subset of
llowing

seils

() {x:l :x>2}

(11) {2—% 'n eN}

t

2. (a) Let F be an Archimedean ordered field, A < F &
u c F. Then u = sup A < for all € > 0 and
x e A, x <u+ e, and there exists x € A such

that x> u—~e.

(b) Show that if {x _} is a convergent sequence and

c € R, then lim cx, = clim x,. {
n—oo n—oo

(c) Prove that if |a] < 1, then lim a" =0.
n—oo

3. (a) Prove that a sequence cannot converge to more
than one limit.

1
(b) Show that lim nn =1,

n—o

" 21INDI COLLEGE LIBRARY
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(¢) Show that the sequence (f ) where

| 1 1 ind i
£ :1+;+__4 ....... — , converges. Find r!":’ln -

4. (a) Prove that a monotone sequence converges if and
only if it is bounded.

(-1

n

(b) Show that the sequence (s,), where s, =

converges to zero.. .

5 n
(c¢) Prove that . lim (1+l] ‘exists and lie between 2

n—o\.. N

and 3.

5. (a) State Cauchy’s n* Root test for the convergence
of a positive term series. Apply it to test for

convergence the series

-1 2] |  —1
i) N - B . e
121 ak'z3 2 3%, -3 '

(b) Test for convergence the series.
. 1
() 2.sin—3

N 701
@) D

E LIBRARY
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(c) Test for convergence the series

n-l1
W X2

=38 4.

m:)l'Il

@ Yo

6. (a) State D’Alembert’s Ratio test for the convergence

of positive term series. Use it to test the

511
n2+5"

' i o0
convergence of the series Zn=1

(b) Test for convergence the series

1+Ex+—x2 +£x3£x4 + -
5 9 I 33

. (_1)n+1

n=llog(n +1) 15

(c) Show that the series Z
conditionally convergent.

Hifer<! TSNS YTl
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Sr. No. of Question Paper : 6388

Your Roll NOwee

Unique Paper Code L 2342574702

Name of the Paper : Design and Analysis of Algorithm

Name of the Course . Discipline Specific Core DSC B.A.(P) CS M/N.M.
Semester © VI

Duration : 3 Hours Maximum Marks :90

Instructions for Candidates

S W

Write your Roll No. on the top immediately on receipt of this question paper.
Section A is compulsory contain 30 marks

Attempt any four questions from Section B.

Parts of a question must be answered together.

Section A

(a) What is a stable sorting algorithm? List any two stable sorting algorithms.
Also mention their time complexity. (4)

(b) If all elements in an array are identical, which of the following sorting
algorithms -Insertion Sort, Quick Sort, Merge Sort will perform best? Justify
your answer in terms of number of comparisons and swaps. 3)

(3)

From the above directed graph List all the topological orderings of the graph.

(d) Define a spanning tree. How many edges does a spanning tree of a graph
with n vertices have?If the graph is disconnected, can we find a Minimum
Spanning tree of the graph? (5)

Fifer<] FEfdened Yradierd
KALINDI COLLEGE LIBRARY
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(¢) Define the following term in the context of graphs giving Suitable 5
of cach: 1pleg
(i) path ‘ (4)
(ii) cycle
(1if) circuit
(f) Solve the following Subset Sum problem using Dynamic Programming; @
Set: {3, 5, 7, 10, 12}

Target sum: 15

(g) Hash table size m = 11. Use the division method h(k) =

kmod 9. Ingert
in this order: {27, 18, 29, 28, 39, 13, 16}. ks

(5)

Resolve collisions by linear probing (step =+1 ).
(a) For each key, compute the initial hash index.

(b) Show the final hash table contents.

(h) What is the complexity of linear search and binary search? What is the
prerequisite condition to apply binary search to a list of numbers. (3)

Section B
Attempt any 4 out of 6

(a) What is an optimal solution? Does 'grcedy method always provide the optimal

solutions? Give an example where greedy method might not solve the problem
optimally. (5)

(b) Consider capacity of the knapsack as 30 kg. Solve the following problem
using (10)
(1) Fractional Knapsack Problem

(i1) 0/1 knapsack problem.

Calculate the total value that can be carried. explain which approach obtains
more profit for this problem.

Item

Value Weight
Il 120 24
2 60 10
3 40 6
14 75 15

KALINDI COLLEGE LIBRARY




6388 3

Perform Quick Sott on the following

A = {50, 20, 60, 10, 30} using
Show

(5)
3. (a)

array:

last ¢lement ag pivot clement.
the array at all intermediate steps.

(10)
(b) Differentiate between Heap and Max-Heap.

Perform Hea
heap after e
[55 12, 11,

. : Show thc
P Sort on the following array to build a Max heap
ach swap.

13, 4, 6, 7]
(a) Consider the followin
taking 0 ag source

i T) of the
i ini anning tree (MS
(b) Using Prim's Algorithm, find the cost of minimum sp W P
given graph taking vertex A as the root. Show all the 1 o
indicating how the algorithm selects each edge.

4.

hegraph
g graph. Generate Depth first traversal (DFS) for t s
vertex.

i : )
5. (a) Define a bipartite graph. Given the following graph:

®\ @ /®

X
KALINDI COI’..LEGE LIBRAR s,
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(b) Define {he Single Source Shortest Path (SSSP) problem. How is it different fro,

the All-Pairs Shorlest Path (APSP) problem? (10)
Apply Dijkstra's algorithm to the following weighted graph and find the shortest

path from source vertex 0 to all other vertices.

6. (a) What is a hash function? Explain the desirable properties of a good hash
function. Explain chaining technique used for collision resolution in hash tables.

(5)
(b) A hash table has size 11.

(10)
The two hash functions are:

h,(k) = kmod 11
h,(k) =1+ (k mod 10)

Insert the following keys using double hashing:

25, 36, 49, 51, 62,84

Show the content of all hash table.

(a) Apply Strassen's algorithm to multiply the following two 2 x 2 matrices and

find CA X B: 5
2 1 1 4
a=[5 3l ==|
0O 3 2 b
(b) Explain Weighted Interval Scheduling Problem. (10)
For the following jobs, find the optimal schedule:
Job Start Finish Profit
1 1 2 20
2 3 5 20
3 6 9 100
4 2 8 200
Show step-by-step calculation of Memorization table entries and the final selection
of jobs. .
FIfr< wRferey (1000)
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[This question paper contains 4 printed pages. |

Your Roll NO.eeessees
Sr. No. of Question Paper : 6400 K
Unique Paper Code : 2352204701
Name of the Paper :  Numerical Methods, DSC
Name of the Course : Bachelor of Arts / Bachelor of Science

(Programme)

Semester : NI
Duration : 3 Hours | Maximum Marks : 90

Instructions for Candidates

L

2.

Write your Roll No. on the top immediately on receipt of this question paper.

All the six questions are compulsory. Attempt any two parts from each
question. ' '

Each question carries equal marks.

Use of Non-Programmable Scientific Calculator is allowed.

(a) Round-off the number 46.82135 correct to four significant digits and then
calculate the absolute, relative and percentage errors.

(b) Determine the number of significant digits in the following numbers:
(i) 235700 |
(ii) 0.0036
(1)) 4.56700
(iv) 30.00056
(v) 4.5x108

Ffer weTfeery
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() Perform three iterations of Bisection Method to find root of x* — 2 = 0 in
11,2[.

[

(a) Using Secant Method, find a real root of the equation xe* — 1 = 0, given that
the root lies between 0 and 1. Perform three iterations, by taking x, = 0 and
(= 1. '
1

(b) By performing three iterations of Regula-Falsi method, find a root of the

equation 3x + sin(x) — e* = 0 in ]0,1[.
(c) Do three iterations of the Newton Raphson’s Method to find cube root of

25, taking initial approximation X, = 3

3. (a) Using Gauss Elimination method, solve the following system of linear equations:
2x —y+3z=9

X +y+iz=46

[
(]

X—y+z

(b) Find the Lagrange interpolating polynomial which fits into the given data.
Also, approximate the value of f(10)

x | 56 [ 9 [
f(x)[ 12 [ 13 [ 14 | 16

=; l 1/2 -1/2
(c¢) Show that: p= E[E +E :I

(Note: Symbols have their own meaning )

Eifer <t Herfaenery
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4. (a) Starting with initial vector (x,y,2) = (0,0,0) perform three iterations of Gauss
Scidel Method to solve the following system of equations ;

20x +y-2z=17
3x + 20y —z =18

2x — 3y +20z = 25

(b) Find the unique polynomial P(x) of degree 3 or less using Newton’s

interpolating Formula for the following data :

X
f(x) | 648 | 704 | 729 | 792.

1 .
(c) Calculate the 3 divided difference of 5 based on the points x, X,, X, X,.

)
5. (a) Evaluate I= I:f \sinx dx using Simpson’s rule.

(b) Use the Taylor’s expansion for a function f to derive the central divided

difference formula of the first order derivative at x, with step-size h,

ff(xi) I £ (X );hf(xi—l) _

-

(c) Given the differential equation y' = x? + y with y(0) = 1, compute y(0.02)
using Euler’s method and step size, h = 0.01.

— E $-— ﬁ_‘

KALIND! COLLEGE LIBRARY
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6. (a) Approximate y'(1) and y'(2) using backward difference formula if

-1] 0 1 2 s

d
(b) Consider the differential equation d_):: t* -y with y(0) = 1. Use Euler’s

method to compute y(3) with step-size h = 1.

5
(¢) Use the Trapezoidal rule with n = 4 to evaluate L x* log x dx.

wifersl Ffdeney gRmiea
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Your Roll NO..ccioiaiaaanss
Sr. No. of Question Paper: 8904 K
Unique Paper Code ;2353010015
Name of the Paper . Research Methodology
Name of the Course : Bachelor of Arts / Bachelor

of ‘Science (Programme)
Semester : VII — DSE

Duration : 3 Hours Maximum Marks : 90

Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt
of this question paper.

2. All six questions are compulsory, attempt any two
parts from each question.

3. All questions carry equal marks.

1. (a) Explain the format of a mathematical research

article.

(b) What all challenges may appear while doing
mathematical research? Explain your answer.

(¢) What do you understand by Mathematical survey?

PiT.O
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2.

2

(a) Explain the concepts of learning and writing

(b)

(¢)

mathematics,
Write 8 key points for giving “Good Presentation”.

Discuss some common errors one may make while
writing mathematics paper? Explain how to correct

them with examples.

(a) State and explain the difference between the

(b)

(c)

tabular environment and the array environment
in LaTeX. Provide a short code snippet

demonstrating how to center the content within a

column in a table.

Explain the syntax and purpose of defining a new
command in LaTeX using \newcommand. Create
a new command called \researcher that accepts
one mandatory argument (the name of the author)

and prints the name in bold text.

Discuss how the hierarchy of sectioning commands
(\section, \subsection, \subsubsection) aids in
structuring a research document. Write the
necessary LaTeX commands to generate a Table

of Contents at the beginning of the document.
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4, (a) What ig PSTricks? Discuss the utility and

advantagey of using this code-based package for
generating technical illustrations directly within the
LaTeX environment. Also, write the necessary
LaTeX code to draw a square centered at the
origin (0,0) with a total side length of 2 units,
making sure to define the vertices using the
appropriate PSTricks command.

(b) Describe the use of the commands Ellipsis and
Delimiters in LaTeX environment. Provide

examples showing how to display these commands.

(¢) Write a comprehensive LaTeX source program to
display the following mathematical equations

clearly and properly formatted in a display
environment:

1 - x2 %
' e 1_+x+21+3l+

(i) J f(x) dx=F()—F(a)

(iii) 5= (x%y +e™) = 2xy + ye™

5. (a) How is arXiv different from Google Scholar?
Explain.

P.T.0O.
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(b) Discuss about the various databases used for

exploring mathematical journals.

(¢) Write the full forms of MAA and AMS. Explain
how they are helpful in doing mathematical

research.

6. (a) What is the best way to prevent plagiarism and
fraud in research? Name three software that help

us identify and prevent plagiarism?
(b) What is Q1, Q2, Q3, Q4 journal impact factor?

(c) Why are journal metrics important? How can one

assess journal metrics?

(4000)
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Your Roll No.ooevsiaaina
Sr. No. of Question Paper : 8910 K
Unique Paper Code oy ¢ 23_53200012 "
Name of tlie Papér. ¢ Advanced Linear Algebra
N'al.ne of t'he ‘C.01:1.1.*.se : | B.A_./B.§c. (P) V '
Semester .. .:. -VII — DSE o
Duration : 3 Hours o Mlggxi-‘mum Marks : 90

Instructions for Candidates. . .

1. Write your Roll No. on the fop iﬁimediately on receipt

of this question paper.

2. Attempt all questions by selecting two parts from

each question.

3. All questions carry equal marks.

4. Use of Calculatoriis not allowed;

oY weeer yeawIer
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1.  (a) Let Tbe a lincar operator on R2 defined by

T(a,b) = (a—3b, 2a+D),

and let B = {(1,0), (0,1)} and B’ = {(1,1), (1,2)}
be the ordered bases of R% Find the change of
coordinate matrix Q that change PB’-coordinates

into B-coordinates. Also, verify that -

[T]p. = Q7 [T]pQ: . o™ (2.5+5)

(b) Let V = Pl(]Rj, the vector space of all real
polynomials of degree less than or equal to 1. For

p(x) € V, define f,f, € V* by

fi (p(x))= J._llp_(t)dt and f, (p(x))= I(:p(t)dt _

Prove that {f, f,} is a basis for V*, then find a

basis for V for which it is the dual basis.

TR AR QR (3+4.5)
FALINDI COIT'LE.GE LIBRARY'



8910 3

(¢) Let V denotes a finite-dimensional vector space.
Define the annihilator S of a subset S of V and

prove that S° is a subspace of V*, Further, if W

is a subspace of V and x ¢ W, then prove that

there exists f € W° such that f(x) # 0.
(1.5+2+4)

e | R L
2. (a)LetA =[2 ] e My, ((C) . Determine all the
_ ¥ 2 g _

eigenvalues of A. For each eigenvalue A of A,
find the set of eigenvectors corresponding to A.

Also, find a basis for C? consisting of eigenvectors

of A. (Z2.3+3)

2ailolny - :
; 2]'@ M,,, (R), find an expression for

~(b) For A=(

A", where n is a positive integer. (7.5)

FiferaY Afdener JRdIed
KALINDI COLLEGE LIBRARY
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(c) Let P,(R) denote the vector space of all real
polynomials of degree less than or equal to 2. Let

T be a linear operator on P,(R) defined as
T(f(x)) = (1) + f(0)x + f(-1)x%

Prove that P,(R) is the direct sum of the
eigenspaces of T. (7.3)

-

3. (a) Let T be a linear operator on a vector space V
' and z be a nonzero vector of V. Define a T-cyclic
subSpé‘ce of V generated by z. Show that it is a
T-invariant subspace of V. Further, for V = P,(R),

the vector space of all real polynomials of degree

less than or equal to 3, T(f(x)) = £"(x), and z = x>,

find an ordered basis for the T-cyclic subspace of '

V generated byl-z. , i L+3+3.5)

(b) State the Cayley-Hamilton Theorem for a linear
operator on a finite-dimensional vector space V.
Let T be the linear oinerator on P,(R) defined by
T(f(x)) = £(0) + f(1)(x + x?). Verify the Cayley-

Hamllton Theorem for the Imear operator T.

mﬁa”r ﬂmﬁam gmm g (2+5.5)
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(¢) Let
11 4 -5
A=| 21 -8 -11
3 -1 0

Find a basis for each generalized eigenspace of
L, consisting of a union of disjoint cycles of
generalized eigenvectors: Then find a Jordan

canonical form J of A. 5 (5:5+42)

4. (a) Define the minimal polynomial of a linear operator
on a finite-dimensional vector spéce. Let T be
the linear operator on P,(R) defined by T(f(x) =
—xf"(x) + f'(x) + 2(x). Find the minimal polynomial.
of 15 00 L | - (245.5)

(b) Let V = C([0,1]), die vector space of real-valued

continuous functions on [0,1]. For f, g € V, define :

< f,g >= J;f(t)g(t)dt.

“ferd) HedEnery EIHIeTY
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Prove that V with <.,.> defined above is an inner

product space. For f(t) = t and g(t) = e, compute
<f, g>. (554‘2)

(c) Let x = (2,1 + i, i) and y = (2-1,2, 1 +2i) be
vectors in C3. Compute <x,y>. [[x||, |lyll, and
lIx +y||. Then verify both the Cauchy-Schwarz
inequality and the triangle inequality for the given

vectors x and y. (4+2+1.5)

5. (a) Let P,(R) be the space of all real polynomials of

degree less than or equal to 3 with inner product

{f,g) = J';f(t)g(t)dt._

Also, let S = {1, %, x2, x*}. Apply the Gram-Schmidt
process to the set S to obtain an orthonormal basis
for P,(R). (7:2)

(b) Find the best-fit linear function for the data
{(_319)3 (_‘256): (052): (1,])}’ USing least squares

approximation. Also, compute the error E.

et TERETe ey Y
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Let P,(R) be the space
(¢) 2 Space of all reyl polynomials of

degree less than or ¢qual to 2 with the inner

product

1

(f.2)= | £(t)e(t)at.

Find the ortlhogo\ilal prbjéction of y(t) =4t + 212+ 5
onto the subspace P (R), where P (R) is the space

of all polynomials of degree less than or equal to

L. " (7.5)

6. (a)Let V = C? be an inner product space and be a
linear operator on defined as T(z, z,) = (2z, t iz,,
z, + 2z,). Check whether T is normal, self-adjoint,

or neither. (7:3)

(b) Let T: R? - R3, T(x,¥,2) = (y, z, x). Write the

matrix representation and determine whether Tis

an orthogonal operator. Also compute T*(1,2,3).

FIfRr AERIEITR] JRTAIe
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(c¢) State the Singular Value Decomposition theorem

for matrices and find die Singular Value

- _ 1+1 1
Decomposition for the matrix A= 1—i i)

(2+5.5)

KALINDI COLLEGE LIBR&H?
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Unique Paper Code:

ame of the Paper: Machine Lea rning
¢ Course: DSE |
Semester: V]

_ Name of th

. 10580
2343010026

Duration: 3 Hours
Maximum Marks: 99 Marks

e et b=

Section A
QL. a)

b)

d)

€)

2)

h)

i)

Wn'tfe your Roll No. on the top imme
Section A is compulsory.

gatll:;n(? :ny four questions from Section B,

Useofas

Instructions for Candidntcs_
diately on receipt of this question paper.

q.uestion must be answered together.
cientific calculator is allowed.

Explain the difference between the predictor and response variable. |
Add.itionally, provide a real-world example for each. Consider the case study of
finding out the number of ice-creams sold in a particular mother dairy shop
based on the temperature of the day. Specify the predictor and response
variables in this case study,
Given a Neural network (NN) with two hidden layers where each hidden layer
has 4 hidden units. The number of features in the training data set is 4 and the

target variable can take three distinct values. Calculate the total number of
parameters used in the said NN.

A medical test was conducted on 500 individuals, out of which 400 wérc
healthy, and 100 were truly sick. Among the sick individuals, only 70 tested
positive, while the rest received a negative result. For the healthy individuals, 25

tested positive, and 375 received a negative result. Draw the confusion matrix
for the test results and calculate the Accuracy.

Identify whether the following problems should be handled as supervised
learning or unsupervised learning problems. Justify your answer.

(i) Identify whether the mail in the given Inbox is spam or non-spam.
(ii) Group the similar customers according to the items purchased in the
supermarket.

(i)  Identify the characters in the handwritten paper.
Name a classification algorithm which is a ‘lazy leamer’. Justify the reason why
it is called a lazy learner.

State Naive Bayes theorem. Enumerate the key assumption underlying the Naive
Bayes classifier.

Given the number of features (p) as 15, find the number of models to be fitted by
the best subset selection method and the forward subset selection.

Construct a decision tree to represent the Boolean function F(A,B,C)=AABAC.

The precision and recall values for two models M1 and M2 is 0.88 and 0.33

respectively, and 0.61 and 0.56 respectively. Which one of the two models has a
better performance? -

Why R? statistic is a better performance metric to assess a regression model, as
compared to Residual Standard Error?

wifer=<1 Weifdamerg NISEDGT
KALINDI COLLEGE LIBRAR)
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Section B

, Q2. a) Using customer transaction data given in part (b) of this question, find the 5
entropy of attributes ‘Price’ and ‘Quantity’. Which of the attribute has more
randomness? - , _

b) Consider the following customer transaction data, with the "Purchase” attribute 10
representing the class label:

Product Price Quantity Day Purchase
Laptop high 1 Weekday Yes
Headphones low 2 . - | Weekend No
Mouse | low 3. : Weekday Yes
Keyboard fow 1 Weekend Yes
Monitor - high 1 Weekday No
. " Laptop high |1 | Weekend | Yes
Headphones low 1 Weekday No
Mouse’ low 2 ' Weekend Yes
Keyboard low 1 Weekday No
Monitor | high 1 W_eekend Yes

Using this dataset, train a Naive Bayes classifier and predict the class label
"Purchase" for a new instance with the following attribute values: Product =
Laptop, Price = low, Quantity = 1, Day = Weekday.

Q3. a) When do we use logistic regression classifier over linear regression model? 5
Explain with one example. In a binary classification scenario using logistic
regression, the model outputs a probability score of 0.4 for the positive class. If

4 L) the decision threshold is set at 0.5, what will be the predicted class label?

b) Given the following data with one input attribute ‘x’ and one output variable ‘y’, 10
fit a linear regression model using the least squares method. Determine the
residual error for the best-fit line. Calculate the R? for the linear regression
model for this data and predict the value of y for x=20. -

Iliput (x) Output (y)

10 45

14 55

19 66

21 79

24 oSy

= s eIl HEIEnTy YoaaTea
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Q4.

e e et e

D Apply the
Yy lhe k.] )
3  K-means clusterj ' following ddta i
r';if., ?I’ 10, 13, 16,91 30 Ng to cluster the following data irito two clusters:
1ally, let 8 and 16 | . ' ;
I i distla6 be the two initial cluster centroids, Use Euclidean distance
and the conrez nee between any two points. Compute the data membership
Id of each cluster after first iteration. .
b) Consi I
sider the followin
_ g dataset representin i . Y
for an online retail platform: ¥ . CUStUIﬁEf ot

Points X %
Pl 7 8
P2 ' 3 5
P3 8 4
P4 4 8
P5 7 5
P6 6 ' 4

Generate the distance matrix using Euclidean distance. Using the Complete
Linkage method, generate a dendrogram for the given data. From the
dendrogram, identify the clustering scheme with two clusters.

Q5. a) Fora maximal margin classifier, which points of the training set are called as
support vectors? Discuss the capability of this classifier for data which is not

linearly separable.

b) Describe the structure of a multilayer neural network with a suitable example.
Discuss any two strategies employed to prevent a neural network from

overfitting?

The provided regression coefficients show a multiple logistic regression model
used to predict the risk of sudden death. Using these coefficients calculate the .
predicted probability of death for a man with blood pressure of 110 mmHg,
Cholesterol level of 280 mg/100mL, and Glucose level of 120 mg/100mL.

c)

Risk Factor Regression Coefficient
Constant term (Po) -17.2

Blood Pressure (mm Hg) (B1) 0.112

Cholesterol (mg/100 mL) (B>) 00071

Glucose (mg/100 mL) (B3) 0.0075

Q6. a) How does the hold-out method differ from k-fold cross-validation in context to
the performance evaluation of a classifier? Compare the two approaches on the

basis of bias-variance trade-off.

KALINDI COLLEGE LIBRARY
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b) Consider the following customer purchase dataset for an e-commerce platform:
Customer ID | Purchase | Age Group | Income Level PPurchase
1 Yes Kid High Yes
2 No Adult Low No
3 Yes Adult High Yes
4 No Kid Low No
5 - Yes Adult | Hign No
-
6 | No Adult Low Yes
7 Yes . |Kid High = . | Yes
8 . No Adult Low No
Q7. a)
b)
r 4
c)
rd

Using the Entropy criterion, construct a decision tree.

What is the maximum number of principal components that can be extracted for
the dataset with n observations and p features? Write the formal equation for
computing the first principal component. What are the distinguishing
characteristics of the first principal component compared to the sécond principal
component?

Consider the 2 classes of points in a 2-dimensional graph:
class +1 : (3,3), (6.3), (6,6)
class-1 : (3.6), (6,9), (3,9).
(i) Plot the above points on 2-dimensional axes.
(ii) Draw the line that separates the two classes and then draw the
maximal margin between the classes.
(iii)  Identify the support vectors.

Discuss the role of activation functions in a neural network. Name the two

commonly used activation functions. Show the graphical representation of each, '

along with their mathematical formula.

KALINDI COLLEGE LIBRARY
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{This question paper contains 2 printed pages.]

Your Roll NO.eeee By
Srt. No. of Question Paper : 10812 K
Unique Paper Code : 2353200015
Name of the Paper : DSE - INTEGRAL TRANSFORM S
Name of the Course . NEP-UGCF 2022 BACHELOR OF ARTS/

BACHELOR OF SIENCE (PROGRAMME)

Semester : VI
Duration : 3 Hours Maximum Marks : 90

Instructions for Candidates

1.  Write vour Roll No. on the top immediately on receipt of this question paper:

2. Attempt all six questions. All questions carry equal marks.

1. Define orthogonal functions. Show that a sequence of functions {sinmx}, m = L2,
form an orthogonal system on the interval [—m, r].What is the norm of the system?

OR

Find the Fourier series expansion of the following function

_—1—x, =1<z<l
f(x)—-{ 1—-x, O0<xxl1

2. Find the maximum value of the Fourier series expansion of the following function,

-1, —-nm<x<0

f(x)={ 0, x=0

1, 0<x<m.
OR

If f(x) =e*, 0 <x <. Show that the Fourier cosine integral representation is

@ coskx
f(x) = f c:jkz
3. State and prove the convolution theorem of the Fourier transform.

OR
Find the Convolution of

(@) f(x) = cosx and g(x) = exp(—alx]), a>0
(b) f(x) = X[ap(®) and g(x) = x*
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Where y(,)(x)is the characteristic function of the interval [a, 5] = R defined by
(1, asxsb
Xia.0y(%) = [0, otherwise

4. If a(>= 1) is a real number then show that

L{t?} = %%:—&1"2 for all (s > 0) , symbols with usual notations.
oo =1 = 2 -
Also prove that (x) = 'r(l_x) : -:—::;dt , where £(x) is Riemann Zeta function.
OR

If f(t) = erf (—%), then show that £ {erf(ﬁ.;)} = -:- (1— e~V% ) where erf (¢) is

the error function.

5. Using the Laplace transform solve the I[VP

dx
—+ 2x =cost,t>0,x(0) =1.

dt
OR
Consider the motion of a string of length 7 due to a force acting on it. Let the string be
fixed at both ends. The motion is thus governed by
U = U + f(%,6),0<x <, t>0,

u(x,0) =0, u,(x,0)=0,0<x<m,
u(0,t) =0, u(mr,t) =0, 0<¢,
Using the Fourier transform solve the PDE
6. Using the Laplace transform solve the one-dimensional wave equation
U= P, 0 X €05, 050,
with the conditions u(0,t) = Af(t)atx=0,t =0,
u(x,t) > 0asx - oo, t >0,

u(x,t)=0=%'fatt=0for0<x<co

OR
Define the finite Fourier sine and cosine transforms.
Let f(x) be continuous and f"(x) be piece-wise continuous in [0, t]. If F.(n) is the
Finite Fourier cosine transform of f(x) then

Flf G0) = = [-1)Pf(m) = F1(0)] = n2F ()

Tfer<l AEIfdenery Wasey (1000)
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Instructions for Candidates ; apes
Write your Roll No. on the top immediately on receipt of this question paper-

Attempt all questions by selecting two parts from each question.
All questions carry cqual marks.

Use of calculator is not allowed.

L B —

L. (a) Define € — & definition of limit of a function of two variables. Using this definition,
3
24 92V =
show that (x'y])i_rf}o'o}(x +y3)z=0.

3x*-3y? 2 2 X
(b) (i) Given that the function f(x,y) = { x2—y? for x* #¥% is continuous at the
A otherwise

origin, what is A?

(ii) Let z be defined implicitly as a function of x and y by the equation
x?z + yz3 = x. Determine z, and z,,.

(c) When two resistances R, and R, are connected in parallel, the total resistance R
satisfies

1 4.1

R R, R,
If R, is measured as 300 ohms with a maximum error of 2% and R, is meas:ured as 500
ohms with a maximum error of 3%, what is the maximum percentage error in R?

2.(a) (i) Define gradient of a function of two variables.

(ii) In what direction, is the function defined by f(x,y) = xe 23""" increasing,
rapidly at the point Py(2,1), and what is the maximum rate of increase? In what
direction is f decreasing most rapidly?

(b) (i) Find a vector that is normal to the level surface x% + 2xy — yz + 32% = 7 at the

(ii) Let z = f(x,y), where x = at and y = at for constants a and b. Assuming all
necessary differentiability, find E—E in terms of the partial derivatives of z.

(c) Find the point on the plane x + 2y + z = 5 that is closest to the point P(0,3,4).
3. (a) (i) Evaluate ffn xz—?'ldA ; R:0<x<1,1=<y=<3 usingiterated integration.

(ii) Find the volume of the solid bounded below by the rectangle R in the xy plane and
above by the graph of z = f(x,y) where f(x,y) =2x+3y ;Ri0<sx<1, 0< y<

2. ;
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(b) Evaluate -Un xdydx ;D isthe region between the parabola y = x2 and the line
y=2x+3,

2 J —yZ .
(c) Evaluate [ fy Y x4y dxdy by converting to polar coordinates

4. (a) Find th? volume of the tetrahedron T bounded bytheplane x+y+z=1 and the
coordinate planes x = 0, y = 0, z=0.

(b) Use cylindrical coordinates to evaluate JIf, z(x* + y?)~Y2dx dy dz where D is solid
bounded above by the plane z = 2 and below by the surface 2z = x% + y?

(¢) Let D be the region in xy — plane that is bounded by coordinate axes and the line

X+ y =61. Use Sl.litable Chﬂnge Ofvariables Uu=x— Yy, v=x + y to Compute the 1nteg]-al
(x-y)

HD (;;,)—,dy dx.

3. (a) Evaluate the line integral [ (y dx + x dy + zdz), where C is the helical path given by

X = cost, y = sint, z =t for0 < t < n/2.

(b) Verify the vector field F(x,y) = (x + 2y) i + (2x + y) ] is conservative and find a
scalar potential f for F. Then evaluate the line integral j'c F.dR, where C is any smooth path
connecting A(0,0) to B(1,1).

(c) Verify Green’s Theorem for the line integral $.(2ydx — xdy) where C is the closed path
as shown in the figure below

Ty
C
/—_—‘\ y= V4 —x%

L > X
(200 Ci (2,0

Path C

6. (a) Evaluate [f; (x? + y?)dS where S is the surface of the hemisphere
z=J1—-x%2—y2
(b) Use Stokes’ theorem to evaluate [[;(curl F.N)dS, where F = x i +y2j + xyz k and

S is that part of paraboloid z = 4 — x? — y? with z = 0. Use the upward unit normal vector.
(c ) Use the divergence theorem to evaluate the surface integral [[ F.NdS for F = 2y i —

z ] + 3x kand S is the surface of the upper five faces of theunitcube 0 < x < 1, 0 <
y <1, 0 < z<1missingz = 0.
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Write your Roll No. on the top immediately on receipt of this question paper.
Attempt all questions by selecting two parts from each question.

All questions carry equal marks.

Use of Calculator is not allowed.

1. (a) Define continuity of a function of two variables. Show that f is continuous at (0,0),where

2.

flx,y)= {y sin G)‘ x# 0.
0

,x=0

. ; 2xy ;
(b) (i) Show that (x'}!}mn'o) Xyt does not exist.
(i1) Compute the slope of the tangent line to the graph of f at the given point Py in the
direction parallel to the xz —plane and yz —plane, where f(x,y) = x? sin(x + y)

and 7,(%.2.0).

(c) Ata certain factory, the daily output is @ = 60 K ILs units, where K denotes the capital
investment (in units of $1000) and L the size of the labor force (in worker-hours). The current
capital investment is $900,000 and 1000 worker-hours of labor are used each day. Estimate

the change in output that will result if capital investment is increased by $1000 and labor is
decreased by 2 worker-hours.

(a) Define differentiability of a function of two variables. Give an example of a non-
differentiable function for which f, and f; exist.

(b) (i) Let f(x,v,2z) = xy sin(xz). Find Vf, at the point Py(1,—2,m) and then compute
the directional derivative of f at Py in the direction of the vector v = —2i + 3j — 5k.

(ii) Find an equation for each horizontal tangent plane to the surface
=5—-x%—y?+4y.

(c) Given that the largest and smallest values of f(x,¥) =1 —x? —y? subject to the

constraint x + y = 1 with x > 0 and y > 0 exist, use the method of Lagrange multipliers
to find the extrema.

Hifer<) AETfdenerd Camiddy PTO.
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3.(a) (i) Evaluate [ 2xe¥ dA ; R: — 1 <x <0, 0 <y < In2 using iterated integrat;
R gration.

(i1) Find volume of the solid bounded below by the rectangle R in the xy plane and
above by the graph of z = f(x,y) where f(x,y) = M R:0<x<1,0<y<4

(b) Evaluate [f (2y —x)dA ; D is the region between the parabola y = xZ and the line
y = 2x.

(c) Compute the area in polar form of the region D bounded above by the line ¥ = x and
below by the circle x? + y2 — 2y = 0.

4. (a) Evaluate [ff xdV where D is the solid in the first octant bounded by the cylinder x2 +
y% = 4 and the plane 2y + z = 4.

(b) Using cylindrical coordinates, find the volume of the solid in the first octant that is
bounded by the cylinder x? + y? = 2y, the half cone z = /x2 + y? and xy-plane.
(c) Let D be the region in xy plane that is bounded by coordinate axes and the linex + y = 1.

Use suitable change of variables u=x—y, v=x+y to compute the integral

11, (2)" dy dx.

+¥y

5(2) Evaluate the line integral f.(—y dx + x dy + x2dz) , where C is the helical path
given by x = cost,y = sint,z=tfor0 < t < 2m.

(b) Verify the vector field F(x,y) = (y — x2)i + (x + y?)j is conservative and find a scalar
potential f for F. Then evaluate the line integral fc F.dR, where C is any smooth path

connecting A(0,0) to B(1,1).

(c) Show that the ellipse :_: + i_:' = 1 has area mab using the line integral.

6(a) Evaluate ﬂs 2xdS where S is the portion of the plane x + y + z =1 withx 2 0,y 2 0,
z=20.

(b) Use Stokes’ theorem to evaluate [[.(curl F.N) dS, where F = xi+ y%j + xyzkand
S is that part of the paraboloid z = 1 — x% — y2with z > 0. Use the upward unit normal
vector.

(c) Use the divergence theorem to evaluate the surface integral [f; F. NdS for the F = (x*+y?

—z%)i +x%y j+3z kand S is the surface of the upper five faces of the unit cube
0<x<1,0<y<10<2z<1 missingz = 0.
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