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Attempt all questions by selecting any two parts from each question.
All questions carry equal marks.
Use of calculator is not allowed.
3 (@ Prove that if x, y and z are mutually orthogonal vectors in R”", then
ety + 22 =l + 12+ el
Also, verify the same for the vectors in R4, where x = (1, 0, -1, 0),
y=(Lv2,1,1) and z = (1-v2,1,0).
b) | Solve the following system of linear equations using Gaussian
Elimination Method :
8xy — 2%y + dxg = 54
X1 + Xg — 2xg'= 20
| bxy; — 4xg + 8xg = —83.
() Usihg the Gauss-Jordon method, find the minimal integer values for

the variables that will balance the following chemical equation :

a(HNOj) + bHCD + c(Au) - d(NOCD + e(HAuCl,) + f(H,0).

P.T.O,
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i Define a lmear combmatlon of the vectors in R" Express the A
\ Vectors (1, 11, -4, 11] as & linear combmatmn of the vectors

o x=02,4,1,-8,y=00-1,-12 and z = 3, 7, - -3, 8l
® i

- Censidei"_‘ the matrix :
5 -8  -12
A=|-2 3 4
4 -6 -9
Q) State the Cayley-Hamllton Theorem
i (u) ""Fmd the elgenvalues and elgenvectors of A
- (i:ii'): . jCheck whether the matrix A is dlagonahzable or not 7

T2 3 4] o

o 1 1 -

“sA=|"  l'and B = |2 3 0

5 3 . .0 s 1J _

o Compute R(AB) and (R(A))B to verlfy that they are equal ie., -

TEHRR R(AB) = (R(A))B for the operatlons

: | (i)' R - <8> « -8 <2> + <3>

2 e (u) R <2><—><3>:"
in, {(,a) ’Let R2 = {(al, a2) al, aq € R}. Prove that R2 is a vector space over
:‘-R w1th addltlon_ nd: scalar mult1phcat1on deﬁned as,

(alv 0'2) ,;]_’ b2) = (al + bl, (12 + b2)

a(al, az (aal, ,aaz) where (al, 02) (bl’ b2) k=¥ R2 o e R
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Define basis of a vector space. Prove that the following subset S of R?
is a SPanmng set of R3, where S (2, 2, 3), -1, -2, 1), (0 1, O}
Do the polynomials x3 — 2x2 + 1, 4x3 — x + 3 and 3x — 2 generates
P3(R) ? | | |
If {?1"02, ey U} i a basis of a vector spuce V(F), then prove that

-every element of V can be uniquely expressed as a linear combination

Of vl, 02, ““““ ) vn.

Define linearly dependent and ‘independent set in R3. Show that set
of vectors {(2, -2, 3), (0, 4, 1), 3, 1, 4)} in R3 is linearly dependent.
Let W be a subSpace of a ﬁnite-'dimensionél vector space V. Prove
that W is finite-dimensional and dlm(W) dim(V). Moreover, if

dim(W) = dlm(V) then V = w |

Let T : R2 - R2 1s a functlon For each of the followmg parts, state

why T is not a linear transformatlon

ff,(i.)_ T(a, b) = (1, RE

Gii). T(a, b) = (sina, 0)
Gv) T, b) =(la|, b)
® T b=0+ab. °
Let V, W and Z be ‘ﬁnite‘-‘dimensional vectdr spaces with ordered basis
o, B and y,'respectively Let T : VA—-> W and U : W —> Z be linear .
transformations. Then [UT]B [U]B ['I‘]B

Prove that two same dlmenSIOIlal finite vector Spaces over the same
field are isomorphic.
PT.O.

ﬂfctxnﬂ TEfene YRGS
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6 o (@) Let V and Wv be vector spaces- over sanie ﬁeld F, and suppose ‘that

{vq, vé, ..... , Uy} is a basis for V. For wy, wy, ..., w, in W, there exists
exactly one linear transformatlon T: VoW such that ’I‘(v ) = w; for
i=1,2, ..., n. |

() Let L: M, , »R) » RS (R) be a linear transformation given by

e R EERT, (fa &)\ '
| : LL : =la-c+2d, 2¢a +b -d - 2 + d] with

c

(2 s][e2 2 -3 4][-1  -3])
*Bétz 1o 1f[1 2’0. IJ
C =(7,0,-3], [2, -1, -2, 2, 0, 1]). |

Check whether B and C are bases for M, , 5(R) and R3 (R)

respectively, if yes, then find matnx A for L with respect to the given:
~ bases B and C.

()  For the graphic in given figure, use ordinary coordinates to find the

new vertices after performiﬂg each \_in,dic'ated operations :

L X
e+ . _
&+
E

. 3+ : {59 L
24 . .
1

0128 485878 5w
'G)  Translation -along ‘the vector [4, —2]
(i)  Rotation about the origin through 6 = 80°

(i5)  Reflection about the line y = 8x.

5783 S | 4
qnﬁ*éf*wﬂﬂaﬁma
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Attempi: all questions by selecting three parts from each question.
All queétions icarry equal marks.
Use of calculator is not ailowed.r
L (a) va‘sing € — & definition of limit, show tﬁat :
lim 11,
© xéX C
ifc>0
()  Show that if £ : (a, @) > R (a > 0) is such that
.‘ lim xf (x) =L, ‘

) ; X — o
‘whére L c R, thén

X —»

P.T.O.
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Let AcRandf: A > R has a limit at ¢ € R, where c is a cluster
point of A. Then prove that f is bounded on some neighbourhood

of c.

Give example of functions f and g such that f and g do not have limits
at a point ¢, but both f+ g and fg have limits at c.

Iff | is continuous on a closed interval [a, b], then prove that f is

uniformly continuous on [a, bl.

 Show that the function flx) = x2 is ‘uniformly continuous on [4, 4].

Show that :
| | . x+2 '
x>0
does not ex1st in R.

Use g — & definition of hmlt to show that :

) lil;nx%x? ~3 ='2_

> x+3

L_et.

2
f(x)={"’ e

10, x<0.

C aléulate f’ on R. Is f' continuous as well as differentiable on R ?

~ Justify your answer. -

Let flx) = sin |x|', WHéfe x € R. Determine the set of points where f

“is not d_ifferéntiable Justify your answer.

R R R
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If f: R - R is differentiable at @ € R, then show that :

(ii) T f(a.+ h)-f(a=h) ()

Suppose f is defined on ah open interval (a, b) Let x; € (a, b). Iff

- assumes its maximum at x, and if f is differentiable at x,, then show

that f'(xq) = 0.
State and prove Rolle’s theorem.

Let f be defined on R and suppose that |fix) — fiy)| < [x - y|3 for
all x, y € R Prove that f is a constant function on R.

Show that smx < x for all x > 0.

State Inter;nechate value theorem for derivatives. Suppose f is

" differentiable on R and f0) = 1, A1) = 2 and A2) = 2.

@ Sho.tv that f'(x) = % for some x e (0, 2),
i) Show that'.f"(.x)t= % for some x e (0, 2).
If | |
y=log(x+\/‘1:c§); |

show that ,

¢ EE x2>y,, +2 + 2n + 1)xyn‘ 1+ 0%y, =0.

P.T.0.
wﬁ%{wﬁ ERIGRIRG) g‘ﬁrcma
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- Trace the curve :

42 = Y22 _ ),
Determiné the intervals of concavity and points of inflexion (if any)
of the curve :

y o= 24 = 362 4 2¢ 4 1.

State Taylor’s Theorem. Find the Taylor’s series expansion of sin 2x
about x = 0.
Trace the curve :

.r=2 siﬁ 26.
Detefming the position and nafuré‘ of the double points of the curve :

‘x3+2x2+2‘xy—'y2+5x—2y=0.

Find the}hori_zontal_asymptotes of the graph of the function given by

‘y=x5 sin—1—¥—+—:l—];
| x x  6x5

Find the equations of tangents at origin to the curve :

1t + yt = o202 — y2),

4

Tl FeiRer yemiea

.
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b)
©
2. (@)

- Solve :

All the questions are compulsory.
Attempt any fwo parts from each question.

Each part carries 7.5 marks.

~ Use of non-programmable scientific calculator is allowed.

1. @

Solve the initial value problem :

2y sin x cos x + y2 Sin x) dx + (sin? x — 2y cos x) dy = 0, y(0) = 3.

-.Solve :

C(x2 = 3y‘2)‘dx + 2xy dy = 0.

1

‘. x2yu = 2xyi + 0’1)2

‘by. reduction of order.

If the population of a country double in 50 years, in how many years
will it triple under the assumption that the rate of increase is

proportional to the number of inhabitants ?

ey Wl QR - prO.
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A metal bar at a temperature of 100°F is placed in a room at a
constant temperature of 0°F. If after 20 minutes the temperature of
the bar is half, find an expression for the temperature of the bar at
any time. | '

Assume that the rate at which radioactive nuclei decay is proportional
to the number of nuclei in the sample. In a certain sample 10% of the
original number of radioactive nuclei have undergone disintegration
in a period of 200 years. What percentage of the ongmal radloactlve

‘nuclei will remain after 1000 years ?

Show that e2* and e3x are linearly mdependent solutlons of the

. dlfferentlal equatlon g

d%y _dy -
=2 52 16y=0.
D Cdxe YT

Find the pfirticular solution satisfying the inifial cer_ldition,
¥(0) = 0, y'(0) = 0. '
Solve the dlfferentlal equatlon using the method of variation of

; parameters

)
—gx—‘g + 4y = tan 2x.

~ Find the generel soliitiqn of the differential equation using the method

-of undetermined coefficients :

L d% ody
| i 25 + y = x“e”.
Use operator method to find the general solution of the follome' linear
system
Code t
—+2y+x=¢e
i dt yt+x
dy L 2 et
=+ 2x +y=23e.
ar T
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Solve the initial value problem, assuming x > ‘O

3d3 2dy ox P _ 9y =P,
dxd dx2 dx -
A mass of 3 kg is attached to the end of a spring that is stretched

20 cm byﬁa force of 15 N. It is set in motion with initial -position

o xp = 0 m and initial velocity vo = —10 m/s. Find the amplitude, period
"‘éand frequency of the resulting motion.

sDeﬁne carrying capac1ty Denve the logistic equatlon :

, 2 oX|1-=

“where 7 ‘and"‘K» are reproduction rate and carrying capacity

respectlvely

Suppose a soft drmk manufacturmg company has a 1000 litre tank ‘

- containing sugar water solution. In1t1ally So kg of sugar is dlssolved

Sugar ‘solution ﬂows into the tank at the rate of 10 litre/min with

concentratlon cm(t) kg/l. Assume that the solution in the tank is

| ) thoroughly mixed and the sugar solutlon flows out at the same rate
| at whlch it ﬂows in i.e. the volume of sugar water mixture in the tank

" remains constant Find a differential equation for the amount of sugar

in the tank at any time ¢. Also solve it.

vr_Suppose a population can be modelled using the dlﬁ'erentlal equation :

©dx
—&—;—OZx 0001x

‘ ‘w1th the 1n1t1al populatlon size of %o = 100 at a time step of 1. Find

‘ the predlcted populatlon after two months.

| b | P.T.O.
T HEIETEa YRThIer |
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The given differential equation :
dN _ . N)
———— N[ 1-—
dt @ NT
represents the model for spread of technology where N(¢) is the number
of ranchers who adopted an improved pasture technology in Uruguay
and Np is the total population of ranchers. It is assumed that rate of
adoption is proportional to both the number who have adopted the
technology and the fraction of population of ranchers who have not

adopted the technology.

(2] Which term corresponds to the fraction of the population who

~ have 'not yet adopted the improved pasture technology ?

@)  According to the Banks (1994), Np = 17015, a = 0.490 and
Ny = 141. Determine how long it takes for the improved pasture
téchnblogy to spread to 80% of the population.

Derive the epidelhic quel of influenza

| ds dl ds

@ T TPSL g =S =Y

" where B and y are positive constants.
~ Define equilib'ljitim points. Find all equilibrium points of Predator-Prey

A model

oY
dt

dX X
fé‘t"=ﬁ1x(1*iz) - XY,

where the positive constants ¢y, ¢y are interaction parameter, oy is

= XY —agY

predator per capita death rate and B, is prey per capita birth rate.

Discuss the direction of trajectories of Predator-Prey model.

ey sy QR
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Duration : 3 hours

Maximum Marks : 90

Instructions for Candidates

1. Write your Roll No. on the top immediately on the receipt of this question paper.

2. All questions carry equal marks.
3. Attempt any two parts from each question.

1. (a) Define uniform convérgence for sequence of functions (f,) defined on R. Show that a sequence
(f.) of bounded functions on A & R converges uniformly on 4 to f if and only if ||f, — flla = 0.

~ (b) Show that the sequence f;; x) = ﬁ; converges uniformly in the interval [a, ) where a > 0

but it does not converge uniformly on the interval [0,0).

(©) Let (f,), (gn) be sequences of bounded functions on A that converge uniformly on A to f, g,

respectively. Show that (f, gn) converges uniformly on A to fg.

2. (a)Let £,(x): [0,1] = R be defined forn = 2 by

1
( n2x for 0sx <~
2 1 2
. x:=<—-2( -——) Z<x<—
fo (%) n®(x - for —<x<-
2
Z<x<
L 0 for n_x_l

Evaluate pointwise limit f of f, and show that (f;,) does not converge uniformly to f on the interval

[0,1].
(b) Let (f;,) be a sequence of integrable functions on [a, b] and suppose that (f;,) converges
uniformly to f on [a, b]. Show that f is integrable on [a, b] and

b i
Lf=,‘,w;

(c) Show that the sequence fn(x) = n2x2e~" converges uniformly on [a,o0) where a >

does not converge uniformly on the interval [0, ©0).

fa-

b
a

0 but

pifedy weifdared ywEaey
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3. (a) State and prove Weierstrass M-test for uniform convergence of series of functions,
v o S PO
Hence, check for uniform convergence of series 3,7, T XER

g » . L4 » n
(b) Discuss the pointwise convergence of the series 3,0, :ﬂ, x 2 0. Also, show
x

that the given series is not uniformly convergent on [0,1) but is uniformly
convergent on [0, %).

(c) Prove that if ; £, converges uniformly to f on a domain ) € R and each fnis
continuous on D € IR 10 [ then f is continuous on p,

4. (a) Let f; be areal valued function on [a, b] that has derivative fn on [a, b] for each
n € N. Suppose that the serjes 2. fu converges for at least one point of [a,b] and
the series of derivatives 2 fil converges uniformly on [a, b], Show that there exists
a real valued function f on [a, b] such that A converges uniformly to f on
[a,b] . Also, that f has a derivative on [a, b] and ff=%f.

(b) State and prove the Cauchy criterion for the uniform convergence of series of

1

functions Y, f;,. Use it to prove the non uniform convergence of 3%, — for |x| < 1.

is convergent for x > 1 and divergent for

(¢) Prove that the series )2y x"1+1
0<x =< 1. Also, show that the series converges uniformly on [a, ©),a > 1.
5. (@) (i) Find the exact interval of convergence for the power series 3% | a,, x™ where a, = ;341,1 .
(i) Let f(x) = |x| for x € R.]Is there a power series ), a,x™ such that flx) =
Ym0 Qnx™ for all x ? Justify.

(b) Let X7 a,x™ be a power series with radius of convergence R > 0. If 0 < Ry <R, then show
that the power series converges uniformly on [—R,, R,] to a continuous function.

(c) Show that arctan x = Zn=o g:;): X2+ for |x] < 1. Apply Abel’s theorem to show thatf =1-

1 1 1

3Tt

6. (a) Define logarithm function L on (0, o). Show that the function L satisfies the following;
o gy 1 :

O L(x)= po for‘x > 0.

(i) L(xy) = L(x) + L(y) Iforx >0,y >0,

(b) Show that 2., nx" = ('1'_?;)2 fpr [x] < 1. Evaluate ¥, %

* (¢) Show that there d

oes not exist a sequence of polynomials converging uniformly on Rto f(x) =
ex, o

. KALINDI COLLEGE LIBRARY
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| ‘ ‘ sm( +y ) o ' -
1. (a) Let f(x,y) = i for (x,y) # (0,0). Find
X

the value of f(0,0) for which f(x,y) is continuous

at (0,0).
(b) Compute the slope of the tangent line to the graph

2, .2

‘of flx,y) = at P(1, -1, -2) in the direction
parallelh ’Fo :
0 XZ plane
) YZ plane. -

b

(c) Find o Where w = e ¥ and x =1 + 5 —

y=2r-3s,z= cos(rst).

?b“ﬂ?f“pl ﬁ’ﬁiﬁﬁm RRBTE
KAL!ND? QQLLE S Uﬁﬁfﬂ‘%
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2. (a) Let f(x,y,z) = ye¥'? + ze’™% At the point
P(2, 2,-2), find the unit vector pointing in the

direction of most rapid increase of f(x,y, 7).

(b) Find all the critical points of f(x,y) = x-Dy-1
(x +y - 1) and classify each as a point of relative

maximum, point of relative minimum or a saddle

point.

(c) Find the minimum value of the function f(x, y, Z)

= x"- + y2 + z2 subJect to 4x-’- + 2y2 + z2 = 4.

3._ (a) (1) Find the volume of the solld bounded below
| by the rectangle R in the xy-plane and above
bythegraphofz—2x+3y,R 0<x <1,

) ~0 <y <2.

L ’ Tploga i,
(i) Evaluate .[o.“x?y dydx.

~(b) (i) Sketch the region of. integration and write

@m ﬂﬁlﬁmﬁﬂmﬁazﬁﬁWWHu
KALINDT COLLEGE LIBRARY P.T.O.
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an cquivalent integral with the order of
i

i [ ~ 1 O\ ( ‘Q O . f x, ' (]Xd “

integration reverscd ,-[0 Jy/z ( Y) ¥

(ii) Use a double integral for finding the volume
of the solid region bounded above by the

paraboloid z = 6 — 2x% — 3y? and below by

the plane z = 0.

(c) Use a double integfal to find the area bounded by

the curve r = 1 + sin 0.

4. (a) Use cylindrical co-ordinates to compute the integral

J:U ( ) dxdydz whele D is the solid

| bounded above by the plane z = 2 and bounded

below by the surface 2z = x2 + y2,

(b) (@) Compute the iterated triple integral

ﬂﬁwﬁ %f* €l e %W‘i‘%‘?%%"

mmm "'?fxz)m A LIRRARY
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[P [ dutndy.

Jo Jo. Jo
(ii) Evaluéte the iterated integral |

I . I al I P 52 p“sin@ dpde(p

(c) Evaluate j (Zy—x)/ (Y+2x)dA

~ where R is the trapezmd Wlth vertlces (0 2), (l 0),
(4,0) and (0, 8)

5. (2) A wire has the.gh'apellof the curve -
x= ﬁ isinqt y =_fpost z=cost -for 0<t<n

If the w1re has denSIty 8(x ys Z) = Xyz at each

pomt (x y, z) what is its" mass‘?

~(b) Show 'thA,at _thf,e v’ébtof field

P.T.O.
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F= (ex sin Y“‘ }’)i + (\cx cosy -*?(-2)]

is conservative and hence find a scalar potential

function f for F.

(c) Verify Green’s theorem for the line integral

| §C(fy dx + xi dy)

-where C is the closed path shéwn in the figure

below o

o mmﬂaﬁam i
~ g_KALmnncanEGEJJBRARY
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6. -, (2) Evaluate the surface integral

j;jg ds

~ where g(x,y,z) = xz + 2x* — 3xy and S is Atl,lat

~ portion of the plane 2x — 3y + z = 6 that lies over |

the unit square R: 2 < x £ 3,2<y<3.
(b) Evaluate
1 5,
§ Ey dx +zdy + xdz
where C is the curve of intefséction of the plane

x + z 1 and the ellipsoid x2 + 2y? + 22 = 1,

orlented counterclockwise.

L (-‘c)‘ Use the diver-genCe theorem to evaluate

j' F“.-"vN,‘ds

mf?ircfr mﬁa:m |
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Where F = (x* + 10xy?29)1 + (v* + 10y x%2)] 4

(z5 + 10z x2y?) k , and S is the closed hemisphericg]

surface zz\[l—x"'—y2 together with .the disc

x? + y?2 < 1 in xy - plane and N is the outward

unit normal vector field.

(3000) -
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(Write jour Roll No. on the top immediately on receipt of this question paper.)
All ‘six questions are compulsory. Attempt any two parts froﬁ each question.
| | All Questions carry equal marks.
Use of non-pro.grammable scientific éalculator is éllowed.
1. (@) Define order of cohvergénce of a sequence {p,} which converges to a

xﬁ + 3x,a
number p. The sequence generated by the formula x,, , | = —5—‘,———
: ‘ : : X, +Q

converges to Ja . Determine the order of convergence and the

asymptotic error constant.

(b) - Perform four iterations of Bisection method to approximate the root

of the equation x* — x — 10 = 0, in the interval (1, 2).

e) <Explain geometrically the Newton’s method to determine a root p of
an)equsation flx) = 0. Hence, using initial approximation py = 2

~y

perform two iterations to obtain approximation to the value of ¥17.

"mﬁ“ 3 R P.T.O.
T HEREEY BT T.0
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Use Newton’s method to approximate the root of thevequation
In(1 .+ x) - cos(x) = 0, in the interval (0, 1). Use error tolerance =

104, and initial approximation py = 0.5.

Define a fixed point of a function. Let g be a continuous function on
the closed interval [a, b], with g : [a, b] = [, b]. Furthermore, suppose
that g' is continuous on the open interval (¢, b), and there exists a

positive constant 2 such that [g'x)| < k < 1, vx € (¢, b). Prove

. that if g'(p) # 0, then. for any Do € la, b], the sequence {p,}, where

Pp= 8@, _ 1), converges only linearly to the fixed point p.

Perform four iterations of Secant method to approximate the root of
x% — 7x2 + 3 = 0, in the interval (0, 1), using initial approximations

p0=0andp1=1.

For the following S)'rsteml of equations :
8 + by + 2z = é,
_635 + 9y + 2z = 11,
4x + 3y + 8z =1,

starting with the initial approximation as (0, 0, 0), using Gauss Jacobi

method, find approximate solution by performing three iterations.
For the following system of equations ;

20 +y — 2z = 17,

3x + 20y — z = -18,

2x - 3y — 20z = 25,

il il g
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_starting with initial approximation as (0, .0, 0), using Gauss Seidel

method, find the approximate solution by performing three iterations.

- (©  Find the LU decomposition by taking u; = 1 for the matrix :

1 4 3
2 7 9
5 8 -2

(@)  Construct the Newton form of interpolating polynomial for a function
f passing through the points (O,' 1), (1, 3) and (3, 55). Hence, evaluate

- A2.5). '
(b) Let flx) =In(1 +x), xy = 1 and x; = 1.1. Use Lagrange interpolation
to calculate an approxiinate value for f{1.04) and obtain a bound on

the tfunéation error at x = 1.04.

(©) Obtain the piecewise linear interpolating polynomial for the function
fx) defined by the data :

x ' flx)
1 .38
‘2 7
4 21
8 73

(@  Derive the central difference approximation to the second order

derivative of a function f at a point x = x,

f”(ﬁéo) zf(xo + h) - 2f}f§0) + f(xo B h).

il vaREer FRmay
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Verify that the following difference approximation |

y 3f(xg) - 4 (xo = h) + f(xg - 2)
f’(xﬂ)wf(‘“) f("n%‘) f(xo - 2h)

for the first order derivative provides the exact value of the derivative,
regardless of the values of 4, for the functions flx) = 1, flx) = x and

fix) = x2, but not for the function flx) = 3.

By using Trapezoidal rule, approximate the value of the integral
8 .,

{ (x + Inx)dx. Further, calculate the absolute error, theoretical error
2 =

bound and compare them.

Define the degree of precision of a quadrature rule. Further, calculate
the degree of precision of Simpson’s rule.

Use Euler’'s method to determine the approximate solution of the initial
value problem y'(x) = xy3 — y, 0 < x < 2 such that y(0) = 2, by taking
the -step size as 2 = 1/2. ‘

Use Modified Euler’s method to determine the approximate solution

~of the initial value problem : y'(x) = 8x — y/x, 1 £ x £ 2, such that

| y(i) = 2, by taking the step size as & = 1/2.

- wifE T T
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lnstchtions for Candidates

1.

P

- Write yoﬁr Roll No. on the top immediately on receipt
- of this question paper.

All questions are compulsory and are of 15 marks each.

Attempt any five parts from Question 1 Each part is
of 3 marks, ’

Attempt any two parts from each of the Questions 2
to 6. Each part is of 7.5 marks.

(i) Prove that the left regular actlon of a group G
on itself is a faithful action.

(ii) Prove that the kernel of an actio'n of a group G
on a set A is a normal subgroup of G.

(iii) Let o be an m-cycle in the symmetric group S .
Flnd IC (0)| the Order of centralizer of o.

P.T.O.
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©(iv)

b

(V)

(v1)

(vii)

(@)

(b)

(c)

2

Is a group of order 210 simple? Justify.
Define commutator subgroup G’ of a group G.
Prove that G' is normal in G. |
Prove that the center of a group is a
characteristic subgroup.

Define a solvable group. Prove that every abelian

group is solvable.

For a group G, coensider the mapping Gx G - G
given by g.a = gag™l. Prove that this defines a
group action of G on itself. Also, find the kernel
of this action and the stabilizer G, of an element
x € G.

Let G = Dg be the dihedral group of order 8 and
let A= {1,r, r2 r3}, where r denotes a clockwise

: v, T :
rotation of the square by ) radians. Show that

the normalizer Np, (A) = D; and the centralizer
CDS(A) = A R

Let p be a prime number and let G be a group of

. order p“ for some o > 1. Prove that G has a
nontrivial center Z(G). Deduce that every group

3. (a)

of order p? is abelian.

Let the symmetric group S_ act on the set A =
{I,....., n} by a.a = a(a), V @ € S, a € A.
Prove that this action is transitive.

gl mEifeners QradTEr
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4,

3

(b) Let the dilyedral group Dg act via its natural action
on the set A = {1,2,3,4} consisting of four vertices

of a square. Label these vertices 1,2,3,4 in a
clockwise dircction. Let t be the rotation of the
: : (s . ,
square clockwise by > radians and s be the
reflection in the line which passes through vertices
1 and 3. Find the stabilizer of all the four vertices

of square.

(c) Let G be a finite group and let g,, g,, ... -.- g, be

representatives of the distinct conjugacy classes
of G not contained in the centre Z(G) of G. Then

prove the class equation:

1G] = Z©)] + XJG: Cale)], where Cole is

', the centralizer of the element g in G. Verify the

class equatio’n'for‘ the symmetric group S,.

(a) Let G be a finite group and p be a prime dividing

the order of G. Let P be a Sylow p-subgroup of
G, and let n, denote the number of Sylow p-.

- subgroups of G Assume that G acts tlanemvely
on the set of its Sylow p-subgroups by comugatmn.

(i) Describe the orbit of P under this action.

(i) Show that n = |G : Ny(P)|, where N(P)
denotes the normallzer of P in G.

R el eETeY
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(b) Let G be a group of order 12. Prove that either G
has a normal Sylow 3-subgroup or (5 is isomorphic

to alternating group Ay

(¢) State Sylow’s first thecorem. Let G be a group of
order 77. Prove that G has a normal Sylow 7-
subgroup and a normal Sylow 1I-subgroup.
Further, prove that G is cyclic.

5. (a) State and prove the Index theorem. Use this
theorem to show that there is no simple group of
order 216. '

(b) Let G be a finite group, and let p be the smallest
prlme dividing the order of G. Prove that if G has
a subgroup of index p, then it must be a normal
subgroup of G. Is it always true that G has a
subgroup of index p? Justify.

(c) Prove that no simple group has order pqr, where
p, q and r are distinct primes.

6. (a)wP.rove that a group G is solvable if and only if
G™ = {e} for some positive integer n, where G
“is the n™ derived subgroup of G.

(b) F_»i_nd a composition series for the symmetric group

~ (c) Prove that any hmte p gloup is nilpotent.

| wIfrdY waifa RIHITY
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1. (a)Let T be a lincar operator on R* defined as
T a 2a+4b
b) \la-3b)"

1) (0]
For. the ordered basis B={( J,( ]} and

1 1 o '
B'={(1),(2)}, of R2?2, find the change of

cddrdinate matrix Q that changes B’-coordinates

into B-coordinates. Also, verify that

" (b)LetV = P,(R) and for p(x) € V, let £, f, € V'

be defined as

i KALINDI;CLLEGE LIBRARY
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“and | Afg(p(x)):jozp(t)dts

- Prove that {f},f,} is a basis for V' and find a
“basis of V for which it is the dual basis.

(3+4.5)

(c) Let V be finite dimensional vector space. Define
the annihilator S° of a subset S of V and prove
that SO is a subspéce of V*. If W, and W, are

o subs.pacesk of V, prove that

- (W W) = WAWY . (3.5+4)

, O DL
2. (a) Let A=(2 _i)eMz,Q(C). Determine all eigen

"~ values of A and for each eigen value A of A, find
' the set of eig'en'vgctors corréSponding to A. Also,

find a basis for C? consisting of eigenvectors of

AL T S (2.5+5)

. KALINDICOLLEGE LIBRARY
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(b) Let T be a linear operator on Py(R) defined as
T(x)) = f(0) + f(1)(x +x?).

Test the lincar operator T for diagonalizability. 1f
T is diagonalizable, then find a basis ) for V such

~ that [T], is a diagonal matrix. - (2.5+5)

(c) Let T be a diagonalizable linear operator on a
finite dimensional vector space V and A, A,,... ... 7.,

be the distinct eigen valués of T. Prove that

V=E, ©F, @ E,, , where Eii is the eigen

space of A, for all i. o (7.5)

3. .(,a) Let T be a linear operator on the vector space

V = R* defined as
T(a,b,c,d) = (a+b, b-c, atc, atd)

Find an Qrdsred basis of the T-cyclic subspace W
of vV ‘genera‘tcd by 7 = e,. Also, find the

-‘Icharacteri_:;tic polynomial of Ty, (3+4.5)

~ KALINDI COLLEGE LIBRARY
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(b) Let T be a linear operator defined on a finite
dimensional vector space V. Prove that the
characteristic polynomial and the minimal

polynomial of T have the same zeros. (7.5)

{¢) Let T be a linecar operator on V = M__ (R) defined
as T(A) = Al Find the minimal polynomial of T.

Hence show that T is diagonalizable. (7.5)

4. (a) Let V be an inner product space, prove that the

following inequality holds

[y < I I

, for all X,y € V.

Also, verify that the inequality holds for x = (1, 2i,
1+1),y=(+1i1,2)in C. (5+2.5)

(b) Let V be an inner product space and let S be an
orthogonal subset of V consisting of nonzero
yectors. Prove that S is linearly independent.

(7.5)

i) nelRurEE YRS

2
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(¢) Let W = span ({(i, 0, D}) in C* Fingd the

orthonormal bases for.-W and W<, (7.5)

5. (a) Let V = P(R) with thc inner product defined g

(£(:),2(0) = [, () (94, ¥ £(x), e(x) < V.

Find the orthogonal projection of the vector
"h(x) =4 + 3x — 2x2 on the 'subspace W =P (R).

(7.5)

(b) () Let V be a finite dimensional inner product

-

space and be an orthonormal basis for V.

If -T is a linear operator on V, show that
[T*]pi = ‘([T]p)*f
| (ii) For the inner product space‘V = C? and linear
X "oper;dtor | !
T(z,, 22) = (22 + izz, (1-1)z),

| evaluate T* at z = (31, 1 +21). (4.5+3)

.. KAL'DICOLLEGE LIBRARY
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(c) Find the pest fit linear function for the data
1(=3.9), (=2,6), (0,2), (1,1)} using the least squares

approximation. Also, computc the error E.

(5+2.5)

6. (a) Let T be a normal operator defined on a finite
di‘mensional real inner product space V whose
charaéteristic polynomial splits. Prove that V
has an orthonormal basis of eigen vectors of

T. Hence prove that T is self-adjoint.

(5+2.5)

(b) For the following matrix A, find an orthogonal
matrix P and a- diagon-al matrix D such that

P*AP = D.
12 |
A= 27 1)° (7.5)
\ ‘:,-_; (c) {(i) State the Spectral theorem.

P.T.O.
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(i) Let T be a linear operator on a finite
dimensional complex inner product space V.
 Show that T is unitary if and only if T is
norrﬁal and |[A| = l-for- .every eigen value A of

T. . R (2+5.5)
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1. (@ () Sketch the set §= {ze C:lz| <1, -g- < argz < g} 3
(#)  Under the map flz) = 22, draw the image of the set : 4.5

S={z€C:|z|=1,— < arg z E}

4l

w13
IA

o (b) Under the map flz) = ¢* draw the image of the rectangular region

‘f:R_.-:,'f{z'f—'eriyeC:lSxS2,—-—Z—SyS-}, 75

P.T.O.
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(c)

(@)
(®)

(c)

@

KC))

()

() Giving proper justification, write two differences between the

( 2)
4 ¢ : 1 ¢ ol hesgaal 7‘5
Does lim (:) exist ? Justify your answer.
20 pa )
Show that the function f(z)=Z is nowhere differentiable on C. 75

3.5

functions : .
f(x)=e*, xe¢ R and f(2)=e?, z € C

(@) Solve the equation e = —2. 4

Find out the values of sin~12. 1.5 ’

(@) Let a function f be integrable along a contour C. Prove that : 3.5
[ f@dz = - [ flo)de.

(it) Define a simple arc. Give an example to explain that a same set of

points may represent different arcs. A 4

Let C be any simple closed contour, described in the positive sense in the

z plane, then compute the value of the integral :

x0) wheh zg is inside C, and

(i) when z, is outside C. ' 7.5

@) | Let w(t) be a piecewise continuous complex valued functioh defined

on an‘intervél a <t <b, then show that : 3.5

 |fuoa < [Pl

~ KALINDI COLLEGE LiBRARY
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(@)
()

(c)

(@

()

( 3 nnia

ii B ) V ¥ '+, i . -« 3 » » 77,1:
@) Let C be the are of the circle |z] =9 such that 0 5 argz = .

Show that :

4
244 G
‘J‘ , MT‘M'MW (Iz f; disrmt
2t 7
State and prove Cnuchy integral formula, 1.5

Let f be an entire function such that |f(2)] < Alzl for all z, where A is
a fixed positive number. Show that flz) = bz, where b is a complex
constant, , 15

() Evaluate the following integral along the line segment, say L, from

Otonm+ 2i: 3.5
‘ IL cos(z / 2)dz .

(1) Evaluate the following integral :

| J- z2dz
c(9-22)(z+1i)

where C is the ‘positively oriented circle |z| = 2. 4

State Laurent’s series theorem. Give two series expansions in powers of
z+1 . pis 3 . . :

2 for the function f (Z)=;j specifying the regions in which those

expansions are valid. 7.5

If a power series 2:;0 a, (z-2,)" converges when z =z (z #z,), then

prove that it is ‘absolutely convergent at each point z in the open disk

|z - 2,| <R, where Ry = |5~ 2]. 75

P.T.O.
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®)

(c) -

{e)

(i)

Define residue. Fvaluate the regidue of the function f(2) = s o and use

PRECY ‘]
it to find the integral [ - . where (3 is the positively oriented unit

eirele |g‘ = ], 1.5
Defino an isolated gingular point, For the below given functions, find the

isolated singular point and determine whether it is a removable singular

point, an essential singular point, or a pole : 1.5
.. sinz
{1) ~= and

A

28

(z-1)*"

Let z, be an isolated singular point of a function f. Then show that the

following two statements are equivalent :

i) z is a pole of order m(m =1, 2, ... ) of f;

¢(2)

(if) flz) can be written in the form f(z):( o where @(z) is analytic
. i P 20' m

- and non-zero at 2.
Further, éstablish that

q,(m l)(a )

Rﬁs f(z) = m?f)T when m =1, 2, 3, s
~where .(p@ a;p 7.5
‘Using remduea, r;evaluate the following integral : 75
i e e Ia“ww{&ww
o 5+4sin

4
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Attempt all questions by selecting two parts from each question.

1 H{a) -

()

©

All questions carry equal marks.

Let x and y be vectors in R™. Prove that |lx + y|| < [ki| + |yl

Solve the followingsystem of linear equations using Gauss-Elimination

‘method :

1

, xq + 2xg + 3xg’
xy + 3xg + bxg = 2
2%y + bxg + 9xg = 3.
Solve ; fhe following system of linear equations using Gauss-Jordon
meth’c;(”i__ , | | |
| '2x1+3x2—x'3=9

x1+x2+x3=9

3x1 - x2 — x3 = -1,
RO,

Y wEREITY QR
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Define rank of a matrix. Find the rank of the following matrix :

2 1 4
A=|3 2 5
0 -1 1

. Find the characteristic polynomial of the matrix :

7 1 -1
A=|-11 -3 2|
18 2 -4

Also, find all the eigenvalues and eigenspace for any one eigenvalue.

Is the matrix :

3 -1 -2
A=|-2 16 -18

‘diagonalizable ? Jtistify.

Show that the set R2, with the usual scalar mulfiplication but with -
vector addition given by [x, y] © [w, z] =[x + y, 0] is not a vector space.
Use Siinpl-iﬁed iSpan Method to find a simplified general form for all
the vectprs' in Span(8S), where :

i S = [x3‘—¥ 1, x2 — x, x — 1] is the subset ofJ Ps.

Show that the subset {[-1, 2, -3], [3, 1, 4], 2, -1, 6]} of R3 forms a

basis of R%.

- RALINDI COLLEGE T1BRARY
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®

| counberclockmse thmug,h an angle 30°. Find the matrix representation

(-8} 28 5377

t}i s 4,0 PR .
Prove or disprove that the subset

‘a b
=4 sa,beR
Lo 0 , |

is a subspace of My, under usual matrix operations.
Use Independent Test Method to find whether the set :

S = (12, -1, 8], 14, =1, 6], [-2, 0, 2I}

of veetors is linearly independent or linearly dependent.

Determine whether the vector X = [7, 1, 18} is in the row space of the

matnx

3 6 2
A={2 10 4|
2 -1 4

If so, then express [7, 1, 18] as a linear combination of the rows

of A.
Define the linear transformation. Determine whether the following
function is a linear transformation :
S (a;  ap)
Ty : Mgy » Pygiven by Ty |ayy  age| = aypxt —agya® + ag,.

a3y Qge/

Let T R?2 —» RZ be the linear operator that performs a

for T with respgct to the ordered basis B = {[1, 1], [2, 3]] for RZ.

P.T.O.

- ot R ©
KALINDI CQLLEGE UBRARY




@

®)

| (©)

- {a)

)

I B I BT

Prove or disprove that the subset :

- la b :
8= ca,beR
~q 0 .

is a subspace of M,y under usual matrix operations.
Use' Independent Test Method to find whether the set :
S = ”29 “‘1. 8]| [41 "“11’ (519 (“27 0’ Zfr

of vectors is lincarly independent or linearly dependent.

Determine whether the vector X = [7, 1, 18] is in the row cpfu‘f" c:f the .

matrix :

3 6 2
A={(2 10 -4
2 -1 4

If so, then express [7, 1, 18] as a linear combination of the rows

~of A.

Define the linear transformation. Determine whether the following

function is a linear transformation :
\ (ay )
Ty: Mgy > Pyogiven by Ty ag  age| = eyt —agx® + agy.

gy 3o

_'Let T R2 — R? be the linear operator that performs a

- ,counterclockw;lse through an angle 30°. Find the matrix representation

for T wath respect; to the ordered basis B = {[1, 1], (2, 3]] for R2.

BT.0,

- rfer Welienery qevwa
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(e)

(@)

®)

(c) g

(4 )

Let T : Po(R) — P4(R) be given by : !

'1‘(p(x)) = [ p(x)dx.

. Find the matrix for T with respeét to standard bases for Po(R) and

P4(R). Use this matrix to caleulate T(3x2 — 2x + 5) by matrix

multiplication.
Suppose L : R?2 - R? is a lincar operator with :

L((1, 2]) = [1, 1] and 1((2, 0)) = [2, —4].

Give a formula for L([x, ¥]) for any [x, y] € R2. Also, find a basis for

Ker(L) and Range(L).
Let T : R3 — R3 be the linear operator given by :
( o) [1 -1 5[
- T||xg||={-2 8 -13||x,|-
CUxl 18 -3 15 ||x

_ Find a basis for Ker(T) and a basis for Range(T). Also, verify that :

dim (Ker(T)) + dim (Range(T)) = dim (R3).

Let T: M23(R) + M22(R) be the linear transformation given by :

] o (|'a b CD {a+b a+c
: ‘TL = .
vd e f d+e d+f:|

\ ; Show that T'is onto but not one-to-one.

mwﬁm
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1." (@) Deﬁne ||x|| for any vector x in R" Prove that :

e Ty =;<~ux + 91 = e ~ 5
'v for any vectors x énd y in R’.‘.- B 2+5.5
: ® US? the Gauséiéﬁ elimination method to solve the system of linear
. ,,equatvions N | | |
‘ o mtmprag=5
o5 2x1 + %g — xg = 2
2x1-—x2+x3=2. : 7.5

sk S ﬁ %WIW g . P.TO.
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(a)

®

C©

S (@) " Use the Dlagonahzatmn Method to determine whether the following

‘matrix A is diagonalizable. If so, specify the matrlces D and P. Check

¢z 5967
Find the rank of the matrix : : 45t i
1 3 - | 4
i AP 7."5
4 -2 6 1

Determine whether the vector [7, 1, 18] is in the row space of the

matrix :
- 3 6 2
2 10 -4 75
2 -1 4

Use the Gauss-Jordan method to convert.the matrix A to reduced row

.echelon form :

| 2 4 0

‘ G
A={0 1 3 0| iy
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