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1. (a)If x .and.y are positive real numbers with x <y,

then prove that there exists a rational number
r e.Q such that x <T <y. (6.5)

(b) Define Infimum and Supremum of a nonempty set
of B. Find infimum and supremum of the set

S = 1-—t—1—)——:n€N\. (6.5)

n

P.T.O.
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(c) State the completeness property of g

that every nonempty set of real num
bounded below, has

» henge shoy,

o bCI’S WhiCh s
an infimum ip R ‘

(6.5,

2. () Prove that there does not eXist a Fationa) n,,.,
Umba.
r € Q such that 12 = “

(r,

(b) Define an open set and 4 closed set ip R. sh
. dNnoy,

(a, b i;
(6;

that if a, b € R, thep the open interva]
an open set." |

(c) Let S be a nonempty bounded sc’lzt In R.‘Let a> ()
and let a$ = {as: s ¢ S}. Prove that inf (

| aS) =
a(inf S) and sup (aS) = a(sup9).

(6)

3. (a) Deﬁne} limit of a S€quence. Using definition show

that l_im{3n'+1]=§.
n—eol2n+5) 2

(6.3)

. (b) Prove that every convergent sequence is bounded.

"¢ Is the converse true? Justify. (6.3)
. )

o ,
(c) Let =landx , = 7 (2x,+3) for n € N. Shov

that <xn> is bounded and m.o.notone.' Find the
limit, | (6.5)
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4 (il)lf <an> and <hn> converges to a and b

respectively, prove that <dnbn/ converges to ab,

(6)

() Show that lim n'/" =1 6)
N—x

(¢) State Cauchy Convergence Criterion for

sequences. Hence show that the sequence

(an),

1

1
defined by 3n=1+§+ """ ‘i‘;, does not

converge.

. ' (6)

h

(2) Prove that if an infinite serieg zn-la“ 1s

convergent then lim a, =0. Hence examine the

nN—w

© n .
‘n=l M43’ (6.3)

convergence of z

(b) Examine the convergence or divergence of the
following series,

2 4 6 »
) —t—4—4... 6.5)
)5 8 11 (

P.T.O.
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) o (3n+5 n/2
(i1) Z“='(2n+lj

1
n=2 (ln n)p

p>1 and divergent for p<1.

(c) Prove that Z

6. (a) State and prove ratio test (limit form).

,p>0 is convergent for

(6.5)

- (6)

(b) Examine the convergence or divergence \of the

following series.

() an n+1»

n* +3n2 +2n .

\
2 3 4
(i) 3442
ETRIT
O
L1 11
(¢) Prove that th i ——t—
| S 2 3 4 Ins

conditionally convergent.

4

(6)

00 18

(6)

(200)
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J(a) Let/ be integrable on [a, b], and suppose g is a function on [a, b] such that g(x) = /(x)
b b
g=1I71 (6)

except for finitely many x in [a, b]. Show g is integrable and fa
(6)

(b)  Show that if f is integrable on [a, b] then f2 also is integrable on [a, b].
Let f be a continuous function on [a,b] such that f(x) = 0 forallx € [a, b]. Show

(c) (1)
that if f: f(x) dx = 0 then f(x)=0forallx € [a, b] (3)
(i) Give an example of function such that |f| is integrable on [0,1] but f 1s not
integrable on [0,1]. Justify it. A3
2(a) State and prove Fundamental Theorem of Calculus I, (6.5)
(b) State Intermediate Value Theorem for Integrals. Evaluate li_(rgffox et’ dt. (6.5)
{¢) Let function f:[0,1] » R be defined as
_ (x?* if xis rational
fG) = {0 if xis irrational
Calculate the upper and lower Darboux integrals for f on the interval [0.1]. Is f
integrable on [0.1] ? (6.5)
(6)

3(a) Examine the convergence of the improper integral f:e”"x""‘dx,

. . 0 Si .
(b)  Show that the improper integral f" —';—l—{dx is convergent but not absolutely convergent.

(6)

P.T.O.



4686 2

(c) Determine the convergence or divergence of the improper integral (6)
. 1 dx .
(l) fo x(lm)z
. © xdx
@

4(a)  Show that the sequence
nx

1), neN
1+ nx’ x€[01], n

fax) =

converges non-uniformly to an integrable function f on [0,1] such that

. 1 1
’!l_r,]; fo fn(x)dx = fO f(x)dx (6.9)
(b)  Show that the sequence {x2e~"*} converges uniformly on [0, «). (6.5)
(¢)  Let(f,) be a sequence of continuous function on A < R and suppose that (f,,) converges
uniformly on A to a function f:A — R. Show that f is continuous on A. (6.5)

Sa) Let f,(x) = % for x = 0. Show that sequence (f;) converges non-uniformly on

[0, ) and converges uniformly on [a, ®),a > 0. (6.5)
(b)  State and prove Weierstrass M-test for the uniform Convergence of a series of functions.
(6.5)
(c)  Show that the series of functions Z;Z-i—x—z, converges uniformly on R to a continuous
function. (6.5)
6(a) (1) Find the exact interval of convergence of the power series (3)
0
Z Z—nx3n
3 . n=0
(i1) Define sinx as a power series and find its radius of convergence (3)
w 1 <
(b)  Prove that Ln_; n’x™ = %:)3) for |x| < 1 and hence evalyate 2= (=" (6)
. ~ 3” '
(¢c) Let f(x) = Zn=0a,x™ have radijus of convergence R > 0. Then f is differentiable on
(—R' R) and ,
[ &) =X nanx™? for |x] < g, (6)

(3500)
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a) Find all the zero divisors and unitg in 7 .
l. ( ) Its In /A,‘ Q) Z’,_

(6)

(b) Prove that characteristic of an integra| domain i

0 or prime number p. (6)

(c) State and prove the Subring test (6)

2. (a)Let R be a commutative ring with unity and
let A be an ideal of R then prove that R/A
is a field if and only if A is a maximal ideal of

R. (6)

(b) Let A and B are two ideals of a commutative

ring R with unity and A+B=R then show that

ANB = A, ©
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(¢) If an idecal 1 of a ring R contains a unit then show
that 1-R. Hence prove that the only ideals of a

field F are {0} and F itself. (6)

3. (a) Find all ring homomorphism from Zg to Zs-

(6.5)

b :
(b) Let Rz{[: }|a,beZ} and ® be the mapping
a

b
that takes [Z } to a-b. Show that
a

(i) @ is a ring homomorphism.
(i1) Determine Ker @.

(iii) Show that R/Ker @ is isomorphic to Z.

(6.5)

P.T.O.
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(c) Using homomorphism, prove that 5 integer n wigp,
1

decimal representation a L
P - R 4, 18 divisible

by 9 iff a, +a, , + ... + a_ is divisible by 9.

(6.5)

4. (a) Let V(F) be the vector space of all real valued

function over R.
Let V.= {f € V|f(x) = f(-x) V x e R)
and V_ ={f € V|f(—x) = -f(x) V x€R)

Prove that V., and V, are subspaces of V and

V=vVv.ev, (©)
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(b) Let V(F) be a vector spacc and let S, ¢ S, c V.

Prove that

(i) If S, is linearly dependent then S, is linearly

dependent

(i) If S, is linearly independent then S, is

linearly independent (6)

(c) ShowthatS:{(1 1],(1 1],(1 0],[0 1)} forms
1 0)(0 1)1 1)1 1

a basis for M, (R). (6)

5. (a)Let T: R®* - R? be the linear transformation

defined by

T(ap a,, a3) = (al —a,, 2a3),

P.T.O.
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Find Null space and Range space of T and verify

Dimension Theorem. (6.5),

a

(b) Define T: M,,,(R) — P,(R) by T(C

b) =(atb)+
d

(2d)x + bx?

S (P i P

v = {1, x, x?} be basis of M,x,(R) and P,(R)
respectively. Compute [T]E. (6.5)

(c) Let V.and W be vector spaces over F, and suppose

that A% V,,..., V| be a basis for V. For Wi Woo, W

in W. Prove that there exists exactly one linear

transformat; — ==
mation T: V — W such that T(v) = w. for

b=1.2,.
seeey I, (65)
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6. (a) Let T be th

¢ linear operator on R? define by

T a) 2a+b]
b/ la-3b

Let P be the standard ordered basis for R? and let
[y (1

=)

Find [T],- (6.5)

(b) Let V and W be finite dimensional vector spaces
with ordered basis P and y respectively. Let

T: V — W be linear. Then T is invertible if and

only if [T]I5 is invertible.

Furthermore, [T"']f?—([T];)'l. (6.5)

P.T.O.



4810 8

(c) Let V, W and Z be finite dimensional vector
spaces with ordered basis a, B, y respectively. Let

T:-VoWandU: W 5 Zbe linear transformations.

Then [UT], =[UJ}[T]. (6.5)

(1000)
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P.T.0.



v

4512

(b) (i) Prove that the limit of the functiop

2

as z tends to 0 does not exist.

(i) Show that

7 =4 (3+3=6)

(c) Show that the following functions are nowhere
differentiable.

(l) f(Z) = Z — E:
(i) f(z) = eYcosx + ieYsinx. (3+3=6)
(d) (i) If a function f(z) is continuous and nonzero

,» then show that f(z) = 0

throughout some neighborhood of that point

at a point z

(3*3-6)

(i) Show that the function f(z) = (z° -

1S entire.

d) 1) . . <IN SrmsS Qf
(@) () Write lexp(2z + i)| and [exp(iz’)/ 1N tert

x and y. Then show that

-2xY

. .2 2x + €
lexp exp (2z + 1) + exp(iz ) s ¢
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(i) Find the value of z such that
o =1++/3i (3.5+3=6.5)

(b) Show that

(1) cos(iz)zcos(ii) for all z;

(ii) sin(iz)zsiﬁ(i'z') if and only if z = nmi

(n= 01, £2,....). (3.5+3=6.5)

(c) Show that

(i) log log (i?) = 2logi where

- n On
logz = Inr +i6(r > 0, 7 < 0 < —).
4 4
(i) log log (i%) # 2logi where
_ 3n lx
logz = Inr + i6(r>0, 7~ <@<—).
4 4
(3.5+3=6.5)

' (d) Find all zeros of sinz and cosz. (3.5+3=6.5)
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3. (a) State Fundamental theorem of Calculus.

Evaluate the following integrals 1o test if

Fundamental theorem of Calculus holds true or

not :

(i) Jl:/z'exp( C+it)dt

(i) j;(3t -i)*dt (2+2+2=6)

(b) Let y(x) be a real valued function defined

piecewise on the interval 0 < x < | as
y(x) = x*sin(n/x), 0 < x < 1 and y(0) = 0
Does this equation z = x + 1y, 0 < x < | represent
(1) an arc
(11) A smooth arc. Justity.
Find the points of intersection of this arc with real

. p NN JNEN J
axis. (=t=T<=6)

(¢) For an arbitrary smooth curve C:z 21, a>Ush

from a fixed point 2z, to another fixed point z,,

i
show that the value of the integral depends Only

on the end points of C.
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State if it is independent of the arc under
consideration or not?

/

Also, find its value around any closed contour.
(3+1+2-6)

(d) Without evaluation of the integral, prove that

J.cldz

7% +1

1
< where C is the straight line
25

segment from 2 to 2 +i. Also, state the theorem

used. _ (4+2=6)

4. (a) Use the method of antiderivative to show that

n-1
_‘;(Z‘Zo) dz=0, n = £1, £2,-- where C is any

closed contour which does not pass through the

point z,. State the corresponding result used.
(4+2.5=6.5)

(b) Use Cauchy Gourset theorem tq evaluate :

(i) Lt‘(z)dz , when l‘(z):_“_lm--~—~ and C ig
C 242740 -
“the unit circle 2| = | In either direction

TRy e



(9)

Sz+7 :
(i1) Lf(z)dz , when f(z): Zz eea and C 1s
(3+3.5=6.5)

the circle |z - 2| = 2.

(c) State and prove Cauchy Integral Formula.
(2+4.5=6.5)

(d) Evaluate the following integrals :

(1) J‘__S%ﬁLdz, where C is the positive
cz(z +8) ‘

oriented boundary of the square whose
sides lie along the lines x = +2 and y =2,

. 252 —5-2
(i1) LTTds, z| # 3 at z = 2, where C

1s the circle |z| = 3, (3.5+3=6 5)

5. (a)If a seriec
) It a series of complex numbers converges then

prove th
at the nth term converges to zero as
n

( '5)
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(b) Find the Maclaurin series for the function

f(z) = sinh z. (6.5)

- . o0 n
(¢) If a series z Oan(z—zo) converges to f(z) at
n=

all points interior to some circle |z - zy| = R, then
prove that it is the Taylor series for the function

f(z) in powers of z -z, (6.5)
(d) Find the integral of f(z) around the positively

(3z+2)°
z(z—l)(2z+5) '

oriented circle |z| = 3 when f(z)=

(6.5)

Z
27+ 1

3
6. (a) For the given function f(z)z( ) , show any

singular point is g pole. Determine the order of
cach pole and find the corresponding residue

(6)

(b) Find the Laurent Series

that represents the function

f(z)-:z2 sin—L in the domaj
22 am () < 'z, < 00,

(6)
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‘
(c) Suppose that z - x 4 1Y (0= 1,2,3,.) and
S = X +1iY. Then show that

27 =S Y x =X and Yy, =Y
(6)

(d) If a function f(z) is analytic everywhere in the
finite plane except for-a finite number of singular
points interior to a positively oriented simple closed
contour C, then show that

jcf(z)&z =2ni [sz(’i‘ﬂ , (6)

Z
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(b) Prove that <x? + 1> 18 not a maximal ideal in
Z[x].
| P, T.Q,
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to

(¢) State and prove the reducibility test for polynomials
of degree 2 or 3. Does it fail in higher order
polynomials? Justify. | (4+2,6,6)

(@) (1) State and prove Gauss’s Lemma.

(i) Is every irreducible polynomial over Z

primitive? Justify.

(b) Construct a field of order 25.

(¢) In ,Z[ (—5)] , brove that l+3,-/'(—f5) is irreducible

but not prime. (4+2.5,6.5,6.5)

| .
(a) Let V = R? and define f}, f,, f; € V" as follows:

f,(x, y, z) = x - 2y,

f,(x,y,2) =x +y+z,

fi(x,y,z) =y - 3z

Prove that {f), fz', f,} is a basis fé; V* and then
find a basis for V for which it is the dual basis.

(b) Test the linear operator T: P,(R) — P,(R), T(f(x))
= f(0) + f(1)(x + x?) for diagonalizability and 1f
diagonalizable, find a basis 3 for V such that [T];

is a diagonal matrix.

1 4) | |
(c) Let A =(2 3]€M2x2 (R). Find an expression for

A" where n is an arbitrary natural number.
(696’6)
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4. (a) For a linear operator T: R’ - R3 T(a, b, ¢) =
(-b+c,a+tc, 3c), determme the T-cyclic subspace
W of R? generated by e, = (1,0, 0). Also find the
characteristic polynomlal of the operator TW.

(b) State Cayley-Hamilton theorem and verify it for
the linean operator T:P,(R) — P,(R), T(f(x)) =
f'(x). o |

(c) Show that the vector space R“ =W, & W, d W,
where W, —{(abOO) a, b € R), W, = {(0,0,
¢,0): ¢ € R} and W, = {(0,0,0,d): d € R}.-
" | (6.5,6.5,6.5)
5. (a) Consider the vector space C over R with an inner
- product <,,.>. Let Z denote theeonjugate of z.
Show that <.,.>’ defined by <z, w>'=<7Z,w> for
all z, we C is also an inner product on C. Is
'<.,.>" defined by <z, w>"=<z + Z,w + w> for all
z, w e C an inner product on C? Justify your

answer.

(b) Let V = P(R) with the inner product <p(x), q(x)>

- .[.llp(t)q(t)dt Vp(x), q(x) € V. Compute the

-orthogonal projection of the vector p(x) = x2*-! op
P,(R), where k € N.

P.T.O.
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~(¢) (i) For the inner product space vV = P,(R) with
|
<f, g> = L f(t)g(t)dt and the lincar operator

T onV defined by T(f) = f' + 3f, compute
T°(4 - 2t).

(i) For the standard mner product space V = R’
and a linear transformatlon g: V= R given
by g(a,a,,a;) =a, 2a, + 4a,, find a vector

y € V such that g(x) =<x, y> for all x e V.
- (6,6,2+4)

/

6. (a) Prove that a normal operayor T on a finite-

dimensional complex inner product space V yields
an orthonormal basis for V consisting of

eigenvectors of T. Justify the validity of the:

conclusmn of thlS result if V is.a finite-dimensional

real inner product space.

(o) Let V = M,,,(R) and T: V = V be a linear
operator given by T(A) = AT. Determine whellher
T is normal, self'-adjoint,: or neither. If possible,

produce an orthonormal basis of eigenvectors of

T for V and list the corresponding eigenvalues.

2 1 1
(¢) For the matrix A=|1 2 1] find an orthogonal
1 1 2

matrix P and a diagonal matrix D such that

P'AP = D. - (6.5,6.5,6.5)

(1000)
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(b) Using the Gauss — Jordan method, find the
complete solution set for the fO”OWing
homogeneous system of linear €quations;

~ 2%, = 0

4x, — 8x .

2

3x; = 5%, - 2x, =0

2x1——8x2+x3=0
(c) Define the rank of a matrix. Using rank, find

whether the non-homogeneous linear system
AX = B, where

2 1 3 1
A=|1 -2 2|, B=|2
0 1 3 3

has a solution or not. If yes, find the solution.

2. (a) Consider the matrix :

3 1 1
A=2 -1 5
-4 -3 3

Determine whether the vector [4,0,-3] is in the
row space of A. If so, then express [4,0, -3] as

a linear combination of the rows of A.
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(b) Consider the matrix :

7 1 -l
A=|-11 -3 2
18 2 -4

(i) Find the eigenvalue and the fundamental

eigenvectors of A.

(ii) Is A diagonalizable? Justify your answer.

(c) Find the reduced row echelon form matrix B of

the following matrix :

and then give a sequence of row operations that

convert B back to A.

3. (a)Let F, and F, be fields. Let F(F F) d
1° ¥'5) denote
the vector space of all functiong
fr
om F to F,. A

. n f :
if g(-t) = g(t) for each t e F, and i cal dUnctlon
©d an odq

function g € F(F,, F,) is calleq an eve

P.T.0.
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function if g(-t) = —g(t) for each t ¢ F.. Prove
that the set of all even functions in F(F,F,) and
the set of all odd functions in }'(FI,Fz) are
subspaces of F(F,F,).

(b) Let W, and W, be subspaces of a vector space
V.

(1) Prove that W, + W, is a subspace of V
that contains both W, and W,

(i) Prove that any subspace of V that
contains both W1 and W, must also contain
W, + W,.

(¢) (1) LetS, and S, are arbitrary subsets of a vector
space V. Show that if S|, c S, then span(S))
C span (S,).

(i) Let F be any field. Show that the vectors
(1,1.0), (1,0,1) and (0,1,1) generate F°.

4. (a) Define a linearly independent subset of a vector
space V. Let S = {u, u,,..., u } be a finite set of
vectors. Prove that S is linearly dependent if and
only if u, = 0 or u,,, € span ({u, uy ..., u, ) for

some k, (1 < k < n).
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o

{ul’ Ugsere v

r space and p=
asis for \%

(b) Let V be a vecto
prove that P is a b

be a subset of V.
if and only if each

expressed as a linear combin

: = +
that is, can be expressed 1n the form v = 3t
au, + ... + au, for unique scalars a,, 8 -+ 2o’

(c) Let F be any field. Consider the following
subspaces of F°:
W, = {(a}; a2, 33 3y a;) € Fila,—a;—28,~ 0}
and
W, = (2, 3y 23 8, a;) € F°'la,=a;=2,=0,
a, +a;=0}

Find bases and dimension for the subspaces W
1°

W2 and W1 N W2.

5. (a)Let V and W be vector spaces over a field F
€

and let T: V - W be a linear transformation If

B={v,v v '
12 V99 ree n} 1S a baSlS for V
that then prove

P.T.O.
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R(T) = span (T(B)) = span({T(v,),T(y.) T(
279000y Vn)}

If T 1s one-to-one and
| onto then
prove that

n SIS Tor .

(b) Suppose that T: R? - R? is |inear
T(1,1) = (1,-2)
TC-1,1) = (2,3).

What is T(-1,5) and T(x,, x,)?

Find [T} if B = {(1,1), (-1,1)} and y = {(1,-2),
(2,3)}.

(c) For the following linear transformation T: R’ —

R3:
X, 1 -1 5Y %
T x2 — .._2 3 —“13 X2
X1 3 =3 15)(xy

find bases for null space N(T) and range space

R(T). Also, verify the dimension theorem.
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6. (a) Let V and W be finite dimensional vector spaces
over the same ficld F. Then, prove that V is
isomorphic to W if and only if dim V=dim W.
Are M, ,(R) and P,(R) isomorphic? Justify your

answer,

(b) Let V and W be vector spaces and let T: V. - W
be linear and invertible. Prove that T-': W —» V
is linear. For the linear transformation T: M,,,(R)

— M, _,(R) defined by :

a b) (a+b a
T =
c d c c+d
determine whether T is invertible or not. Justify

your answer.

(c) For the adjoining graphic, use homogenous co-
ordinates to find the new vertices after performing

scaling about (7,3) with scale factors of % in the

x - direction and 3 in the y - direction.

P.T.O.
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9 (10, 8)

8

71

6+ (7.6) (13, 8)
5 +

4+

31,‘ (7. 3) — (13, 3)
2+

1+

i Iy L 4 L. L

0t 2345678 910111213

Also. sketch the final figure that would result from
this movement.

(2000)
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Sr. No. of Question Paper : 1223

Unique Paper Code

Your Roll NO..ccosseecasees

2352011202

Name of the Paper . CALCULUS

Name of the Course B.Sc. (H) Mathematics
UGCF-2022
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Semester

Duration : 3 Hours

Maximum Marks : 90

Instructions for Candidates

1.

Write your Roll No. on the top immediately on receipt
of this question paper.

Attempt all questions by selecting three parts from
each question.

All questions carry equal marks.

Use of Calculator is not allowed.

he sequential criterion for the

(a) State and prove t
)

limit of a real valued function.

(b) Use € - & definition of limit 1o establish the

following limit (5)
lin __l,_ =-1.
x—22 1—X

P.T.O.
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o

3.

(c) Let f: R — R be defined as (5)

. x if x is rational
f(x)=<
0 1if x 1s irrational

Show that f has a limit only at x = 0.

(d)Let Ac R, letf: A > R, and let c € R be a

cluster point of A. If lim f>0, then show that

X—C

f(x) > 0 for all x e AnV(c), x=c. (5)

(a) If f is continuous at x, and g is continuous at f(x,)
then prove that the composite function geof is

continuous at X, (5)

(b) Let f(x) = —l-sin—li for x # 0 and f(0) = 0. Show
X X
that f is discontinuous at 0. (5)

(c) State Intermediate Value Theorem. Prove that

xe* =1 for some x in (0,1). &)

(d) Let f be a continuous real-valued function with
domain (a,b). Show that if f(r) = 0 for each
rational number r in (a, b), then f(x) = 0 for all
x € (a, b). &)

(a) Prove that if a real valued function f is continuous

on [a, b] then it is uniformly continuous on [a, b].

(5)



1223 3

is uniformly

. . ]
(b) Show that the function f(x) = —
X

continuous on (a, «©) for a > 0 but it is not uniformly

continuous on (0,1). (5)

(c) Let f(x) = |x| + |x — 1|, x € R. Draw the graph
and give the set of points where it is not
differentiable. Justify also. (5)

(d) Prove that if f and g are differentiable on R, if
f(0) = g(0) and if f'(x) < g'(x) for all x € R, then
f(x) < g(x) for x > 0. (5)

4. (a) State and prove Mean Value Theorem. (5)

(b) State Intermediate Value Theorem for derivatives.
Suppose f is differentiable on R and f(0) = 0,
f(1) =1, f(2) = 1.

1
(i) Show that f'(x) = 5 for some x € (0,2).

(i) Show that f'(x) = 5 for some x € (0,2).

(5)

(c) Prove that (sin x — sin y| < [X - y| for all

x,y € R. (3)

P.T.O.
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(d) Let f be defined on R and suppose that

If(x) — f(y)|< (x-y)? for all x,y € R. Prove
that f 1s a constant function. (5)

5. (a) Let f be differentiable function on an open interval
(a, b). Then show that f is increasing on (a, b) if
f'(x) 2 0. (5)

(b) If y = etan ', prove that (5)
(1+xY)y,, + Qn+1DDx -1y, +nn+l)y =0.

(c) If y = cos(m sin™! x), find y_(0). (5)

(d) Stating Taylor’s theorem find Taylor series

expansion of e*. (5)
6. (a) Find lim [x—ln(xz +1)]. 5)
X —>+00

(b) Determine the position and nature of the double

points on the curve (3)
x> — y2 - 7x2 + 4y + 15x — 13 = 0.

(¢) Sketch a graph of the rational function showing

the horizontal, vertical and oblique asymptote (1t

x* -2 5)

any) of y=

(d) Sketch the curve in polar coordinates of r = sin 20.

(5)
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Name of the Course
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Instructions for Candidates

I.

Write your Roll No. on the top immediately on receipt

of this question paper.
Attempt any two parts of each question.

Each part carries 7.5 marks.

Use of non-programmable Scientific Calculator is

allowed.

(a) Solve the initial value problem

(e?*y? — 2x)dx + e**y dy = 0, y(0) = 2
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(M) Nolve
(Ax t tan y) dx + (x - xMtan y) dy = 0
() Solve

(1) (3x? + 4xy — 6) dy + (6xy + 2y? — 5) dx = 0

2 d 3
(1) ),’ = 2y(—zj = 2y by reducing the order.

d &
dx dx

2. (a) A certain rumor began to spread one day in a city
with a population of 100,000. Within a week, 10,000
people had heard this rumor. Assume that the rate
of increase of the number who have heard the
rumor is proportional to the number who have not
yet heard it. How long will it be until half the

population has heard the rumor?

(b) The half-life of radioactive cobalt is 5.27 years.
Suppose that a nuclear accident in a certain region
has left the level of cobalt to be 100 times the
acceptable level for habitation. How long will it

be until the region is again habitable?
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emoved from an oven at 210°F and

(¢) A cake is T
om temperature of 70°F. After 30

left to cool at ro
N v » 14 o
minutes. the temperature of the cake is 140°F.

What will be its temperaturc after 40 minutes?

When will the temperature be 100°F?

(a) Show that the solutions X, x2, x log x of the third

order differential equation

3 2
x3£1—}i : &y €Y ox ﬂ—-2y 0

dx’ dx? dx

are linearly independent on (0, «). Also find the

particular solution satisfying the given initial

condition.

y(1) = 3, y'(1) =2, y"(1) =

(b) Solve the differential equation using the method

of Variation of Parameters

d’y
—5 + 9y = tan3x
dx

P.T.O.
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(c) Find the general solution of the differential
equation using the method of undetermined

Coefficients.

3 2
d——);—g—%=4e"" +3x’
dx’ dx

4. (a) Use the operator method to find the general

solution of the following linear system

dx dy

2—+—+x+5y=4t
dt dt
d—x+fil+2x+2y=2
dt dt

(b) Solve the initial value problem. Assume x > 0.

d2
Xzﬁ-—Sx%+8y=2x3, y(2)_—_0, y'(2)=8
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1 :
(c) A body with mass m = 5 kg is attached to the

end of a spring that is stretched 2m by a force of
16N. It is set in motion with initial position X, = Im
and initial velocity v, = -5m/s. Find the position
function of the body as well as the amplitude,

frequency and period of oscillation.

5. (a) Define the term Carrying Capacity. Derive the

logistic equation

2.8 = rX(l ——)Ej
dt K

where K is the carrying capacity of the population.

Also find the solution.

(b) The per-capita death rate for the fish is 0.5 fish
per day per fish, and the per-capita birth rate is
1.0 fish per day per fish. Write a word equation
describing the rate of change of the fish population.
Hence obtain a differential equation for the number
of fish. If the fish population at a given time is
240, 000, give an estimate of the number of fish

born in one week.

P.T.O.
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(c) In an epidemic model where infecteq get

recovered, the differential equation is of the forp,

ds dl
st S=psi-yI
g - P G =Sty

Use parameter values = 0.002 and y = 0.4, and
assume that initially there is only one infective but
there are 500 susceptibles. How many susceptibles
never get infected, and what is the maximum
number of infectives at any time? What happens
as time progresses, if the initial number of
susceptibles is doubled, S(0) = 1000? How many

people were infected in total.

6. (a) A public bar opens at 6 p.m. and is rapidly filled

with clients of whom the majority are smokers.
The bar is equipped with ventilators that exchange
the smoke-air mixture with fresh air. Cigarette
smoke contains 4% carbon monoxide and a
prolonged exposure to a concentration of more
than 0.012% can be fatal. The bar has 2 floor
area of 20m by 15m, and a height of 4m. It is

estimated that smoke enters the room at a constant
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7

rate of 0.006 m*/min, and that the ventilators
remove the mixture of smoke and air at 10 times
the rate at which smoke is produced. The problem
is to establish a good time to leave the bar, that
i1s, sometime before the concentration of carbon
monoxide reaches the lethal limit. Starting from a
word equation or a compartmental diagram,
formulate the differential equation for the changing
concentration of carbon monoxide in the bar over
time. By solving the equation above, establish at

what time the lethal limit will be reached.

(b) Find the equilibrium solution of the differential

equation

id.)i-:rX(l_z(_]
dt K

And discuss the stability of equilibrium solution.

(¢c) Consider a disease where the infected get

recovered. A model describing this is given by the

differential equations

ds dl
=2 _pSI, —=BSI-yl
N B » BSI -y

P.T.O.
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Use chain rule to find arelation between S and 1.
Obtain and sketch the phase-plane curves,
Determine the direction of travel along the

trajectories.
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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt

of this question paper.
All the six questions are compulsory.

3. Attempt any two parts from each question.

4. Use of Scientific Calculator is allowed.

1. (a) A doctor has to prescribe medicine to the patient.
The medicine raises the blood plasma concentration
of an average adult by 20 mg /"' and takes 6 h to

decay in the blood plasma. The maximum

P.T.O.
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permissible limit of concentration of drug in the
body is 40 mg/ ' What time gap he will ensyre
for maintaining a safe decomposition of drug. Find
out the minimum concentration if doses are given
at this time interval? The concentration of another
drug, decreases by 40% in 20 h. Find how long
will it take for this drug to fall to 5% of its initial

value. (6)

(b) Observation on animal tumours indicate that

theirsizes obey the Gompertz growth law

(é rather than the logistic law. Here k
S

!
dl )

and S are positive constants. By putting y = In(s),

ne S
A AC A A = _ S
prove that s(t) - Se , where A I“kso ' >0
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being the size at t = (0. Discuss the model
describing drug concentration and residual

concentration at any time nto, in which drug decays

. —c(t .

according to equation _(.19:__(_) When dose 1S
t T

administered regularly at time t = 0, ty, 2ty

3t... with assumption that each dose raises the

0
drug concentration by fixed amount Co. Find the

maximum possible concentration and residue as n

increases. (6)

(c) Consider the following chemical reaction, with the

rate constant as q:

P+ X > 7Y.

If the reactant P is held at a constant concentration

p, derive a system of equations for the

P.T.O.
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concentrations of X and Y. Suppose the Initia|

a
concentrations of X and Y are X, and vy
0 0

respectively. Solve the system of equations to obtain

X(1) and Y(t). (6)

(d) Show that Zeeman’s heartbeat equations have a

unique resting state

Then derive the single differential equation

satisfied by muscle fibre of length x. (6)

2. (a) Discuss the nature of fixed point and give equation

of trajectories for the given system

x = 6x + 12y

y =3x t+y (6'2)

(b) (i) Discuss the two equilibrium states during the

heart beat cycle and the role of pacemaker

in the heartbeat cycle.
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(ii) Discuss the threshold level and firing of axon

in nerve impulse transmission. (6/2)

(¢) Examine the possibility of periodic solutions of
cx + (2 + 3ax 4bx?)x = 0

ants, ¢ being positive.

Where a, b and ¢ are const
(672)

(d) Describe the epidemic model and show that

population return to equilibrium after the small

departure from the equilibrium. (6'2)

W

(a) Consider the system

du

a Y (1 —u) (u—a)-w
v _
dt u — yYw.

P.T.O.
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Where 0 <a <1, b >0,y 2 0.

Lincarise the above system about (0,0). Further
assuming that u = ae*, w = Be™ be solutions of
the linearised system about (0,0), show that the

rest state (0,0) is locally stable. (6)

(b) Sketch the trajectories of the following system

X =Y
'_11 2 6
y—z(—X) (6)

(c) Define
(i) Bifurcation

(ii) Bifurcation Point

Make the sketches for Pitchfork bifurcation,
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Saddle-node bifurcation and Hopf bifurcation.

(6)

- * : e Y Y = = Z
(d) For the iteration scheme X1 Hxn(] Xn)’ nzl,

X(): ]”nn—m xn

po= ] and
(6)

Show that there are bifurcations at

u = 3.

4. (a)Find the constraints on a, b and A assuming it
has a unique rest state, taking the solutions
to the travelling wave equations in the form

u = ¢(x+ct), w = y(x+ct) of the following

ou_ @
system of equations E=?&;+U(I—U)(u—a)—w,

£9—W——bu
~ Yw. (672)
(b) What is Flopf bif '
pt bifurcation? Show that Hopf

P.T.O.
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biturcation holds for the following system
X y Lox(p xS v’)
\ NLoy(p Xy (6'/2)

(¢) Provide a full phasc planc analysis for the

mathematical model of heart beat equations given

by

Where x is the muscle fibre length, b is the
chemical control, € > 0 and (X, b,) is a rest

state. (62)

(d) Show that the following system has limit cycle.

%‘E— ~ (1l —uw)(u—a) — wt I,
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dw -.
G u-yw,0<a<1l,b>0v20. (6'2)

5. (a) Write down the steps of Neighbor Joining
Algorithm. From the given distance table of four
S,, S, and S,, compute R,, R,, Ry, Ry

taxa S,

and then form a table of values for M(S,, S)) for

1<i#j<4

Sy

(6Y2)

(b) If D and d denote the alleles for tall and dwarf

plant and if W and w denote the alleles for round

PTO.
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and wrinkled sced, then create a Punnett square
for a DdWw x ddWw cross pea plant and

compute the probability of a tall plant with wrinkled

(672)

seeds.

(¢) Derive the formula for the Jukes-Cantor distance

(d,.) given that all the diagonal entries of Jukes

t
Cantor matrix M!' are ?}+%(1—§aj , where a 1s

the mutation rate. Compute the Jukes-Cantor

distance d,.(S,,S,) to 4 decimal digits, from the

following 40 base table : (6Y2)
Si\Sy ‘: A G C I

A f 7 | o0 ! !

| !

PG | ] 9 2 0

;’ C 0 2 7
T 1 0 1 6
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(d) Describe when two trees are considered to be
topologically similar. Draw all topologically distinct
un-rooted bifurcation trees that could describe the

relationship between 3 taxa and 4 taxa. (6'4)

6. (a) Define phylogenetic tree, bifurcating tree and

unrooted tree with examples of each. (6)

(b) Explain Kimura 2-parameter and 3-parameter
models along with their corresponding distance
formulas. Write the expression of the log-det

distance between S, and S,. (6)

(c) In mice, an allele A for agouti- or gray-brown
grizzled fur is dominant over the allele a, which
determines a non-agouti color. If an AaxAa cross

produces 4 offsprings, then compute the

probabilities that :
(i) No offspring have agouti fur.

(i) Exactly 3 of 4 offspring have agouti fur.

(6)

P.T.O.
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(d) From the given distance table of four sequences

S,. S,, S, and S

. Of DNA, construct a rooted tree

showing the relationship between S,,8,,8;and S,

by UPGMA

| Si | S | S | S,
i

s, 0.45 | 027 | 0.53
|

s, 0.40 | 0.50
x S3 0.62

(6)
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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt
of this question paper.

2. Attempt any two parts from each question.

3. All questions are compulsory and carry equal marks.

4. Use of Scientific calculator, Basic calculator and
Normal distribution tables all are allowed.

. (a) Explain Duration of a zero-coupon bond. A S-year
bond with a yield of 12% (continuously
compounded) pays a 10% coupon gat the end of

cach year.

P.T.O.
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(1) What 1s the bond’s price?

(11) Use duration to calculate the effect on the
bond’s price of a 0.1% deccrease in its
yield? (You can use the exponential values:
¢t = 0.8869, 0.7866, 0.6977, 0.6188, and
0.5488 for x = -0.12, -0.24, —0.36, —0.48,
and —0.60, respectively)

(b) Portfolio A consists of 1-year zero coupon with a

(¢) Explain difference between Continuous Compount

face value of 2000 and a 10-year zero coupon
bond with face value of ¥6000. Portfolio B consists
of a 5.95-year zero coupon bond with face value
of T5000. The current yield on all bonds 1s 10%

per annum.

(i) Show that both portfolios have the same

duration.

(i) What are the percentage changes in the
values of the two portfolios for a 5% per

annum increase in yields?

(You can use the exponential values: ¢ = 0.905.

0.368, 0.552, 0.861, 0.223 and 0.409 for x = -0.1,
~1.0, -0.595, -0.15, 1.5 and ~(0.893 respectively)

ling
- ate of interest
and Monthly Compounding. What rate of intere

: . S DN 3 150,0
with continuous compounding Is cquiy alent 1€

. 9
per annum with monthly compounding:
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(1)

2. (a) Explamn Hedging. How is the

“When the z¢

3

ro curve is upward sloping, the
(or a particular maturity is greater

zero rate
maturity. When

(han the par vield for that

(he zero curve 1s downward sloping the
reverse is true.” Lxplamn,

Why does loan in the repo market involve

very little credit risk?

risk managed when

Hedging is done using?

(i) Forward Contracts;

(b) (1)

(i1)

(ii) Options

Suppose that a March call option to buy a
share for ¥50 costs ¥2.50 and is held until
March. Under what circumstances will the
holder of the option make a profit? Under

what circumstances will the option be

exercised?

[t is May, and a trader writes a September
ut option with a strike pri i

;‘) | I .1 'wnth 1 strike price of T20. The
stock price is T18, and the option price is 2
Describe the trader’s cash flows if the 0 ~t' '
o ! ption
1s held until September and the stock pri

$ price is

25 at that time.

P.T.O.
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(c)

(d)

4

Write a short note on European put options. Explain
the payoffs in different types of put option positions
with the help of diagrams.

(1) A trader writes an October put option with a
strike price of ¥35. The price of the option is
6. Under what circumstances does the trader
make a gain.

(1) A company knows that it is due to receive a
certain amount of a foreign currency in 6

months. What type of option contract is
appropriate for hedging?

(a) Draw the diagrams illustrating the effect of

(b)

changes in volatility and risk-free interest rate on
both European call and put option prices when
S,=50, K=50, r=5%, o=30%, and T=1.

Derive the put-call parity for European options on
a non-dividend-paying stock. Use put-call parity
to derive the relationship between the vega of a
European call and the vega of a European put on

a non-dividend-paying stock.

A European call option and put option on a stock
both have a strike price of ¥20 and an expiration
date in 3 months. Both sell for ¥3. The risk-free
interest rate is 10% per annum, the current stock
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price is ¥19, and a X1 dividend is expected in |
month. Identify the arbitrage opportunity open to
a trader? (¢ "%~ 0.9917)

(d) Find lower bound and upper bound for the price
of a l-month European put option on a non-
dividend-paying stock when the stock price is 330,
the strike price is 334, and the risk-free interest
rate is 6% per annum? Justify your answer with

no arbitrage arguments, (e %% =0.9950)

4. (a) Consider the standard one-period model where
the stock price goes from S, to Syu or Syd with
d <1 <u, and consider an option which pays f or
f, in each case, and assume that the interest rate
1s r and time to maturity is T. Derive the formula

for the no-arbitrage price of the option.

(b) A stock price is currently ¥40. It is known that at
the end of one month it will be either ¥42 or 38
The risk-free interest rate is 6% per annum with

continuous compounding. Consider g portfolio
consisting of one short call and A shares of the

stock. 1S alue '
k. What is the value of A which makes the

portfolio riskless? Using no- arbitrage areuments
O )

find the price of a one-month European call option

With a strike price of ? 397 (You can use

CXponential value: 0005 — l. 005)

P.T.O.
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(¢) Construct a two-period binomial tree for stock and

Furopean call option with

SO0 u 13d 08 0.05, T 1 year, Ko X95

\

and cach period being of length At ().5 yecar.
Find the price of the Furopean call. If the call
was American. will it be optimal to cxercise the

option carly? Justify your answer. (¢ % 0.9753)

. . Ly - ) 9
«d) What do vou mcan by the volatility of a stock”

How can we estimate volatility from historical

prices of the stock?

S (a) Let S, denote the current stock price, © the

volatility of the stock, r be the risk-free interest
rate and T denote a future time. In the Black-
Scholes model, the stock price S, at time T in the

risk-neutral world satisfies

2
In Sy ~ [ InS;, + r——%— T, GzTW

J

where ¢o(m, v) denotes a norma distribution with

mean m and variance v.

Using risk-neutral valuation, derive the Black-
Scholes formula for the price of a European call
option on the underlying stock S, strike price K

and maturity T.
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(b)
(C)
(d)

6. (a)

7

A stock price follows log normal distribution with
an expected return of 16% and a volatility of 35%.
The current price 1s 338 What is the probability
that a Furopean call option on the stock with an
exercise price of 40 and a maturity date in six
months will be exercised? (You can use values:
In(38) = 3.638, In(40) ~ 3.689)

What is the price of a European call option on a
non-dividend-paying stock when the stock price is
269. the strike price is 70, the risk-free interest
rate is 5% per annum, the volatility is 35% per
annum. and the time to maturity is six months?

(You can use exponential values: e *'%* = 0.9857,
¢ 0033 = 0.9753 )

A stock price is currently ¥40. Assume that
the expected return from the stock is 15% and
that its volatility is 25%. What is the probability
distribution for the rate of return (with continuous

compounding) earned over a 2-year period?

Discuss theta of a portfolio of options and calculate
the theta of a European call option on a non-
dividend-paying stock where the stock price is 349,
the strike price is 50, the risk-free interest rate
is 5% per annum and the time to maturity is 20
weeks, and the stock price volatility is 30% per
annum. (In(49/50) = 0.0202)

P.T.O.
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(b)

8
(1) Explain stop-loss hedging scheme.

(M What does it mean to assert that the delta of
a call option 1s 0.7? How can a short position
in 1.000 options be made delta neutral wncer

the delta of cach option is 0.77

(¢) Find the payoff from a butterfly spread created

using call options. Also draw the profit diagram

corresponding to this trading strategy.

(d) Companies X and Y have been offered the

following rates per annum on a ¥5 million 10-vear

investment :
Fixed rate Floating rate

Company X 8.0% LIBOR

Company Y 8.8% LIBOR

ANgY P
L SR O

Company X requires a fixed-rate investm
Company Y requires a floating-rate investment
Design a swap that will net a bank. acting as

intermediary, 0.2% per annum and that will appear

equally attractive to X and Y.
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Semester . VI
Duration : 3 Hours Maximum Marks : 75

Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt
of this question paper.

72 All questions are compulsory.
3. Attempt any two parts of each question.

4. Question Nos. 1 to 3, each part carries 6.5 marks
and Question Nos. 4 to 6, each part carries 6 marks.

1. (a) Determine all solutions in the positive integers of

the Diophantine equation

18x + S5y = 48.

P.T.O.
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(b) Using Euclidean algorithm and theory f lines,
Diophantine cquation, divide 100 jpy,, Core

summands such that one is divisible by 7 454 Other

by I1.

(¢c) Write a short note on Prime number theorem

(d) If ca = cb (mod n) then prove that a = b (mod n/d),
where d = gcd (c, n).

(a) Verify that 0, 1, 2, 22, 23 ... 2% form a complete

4

set of residues modulo 11, but that 0, 12, 22, 3?
...... 10? do not.

(b) Find the solutions of the system of congruences :

3x + 4y = 5 (mod 13)

2x + 5y = 7 (mod 13).

(c) Use Fermat’s theorem to verify that 17 divides

11104 41,

(d) Find the remainder when 2(26!) 18 divided

29.
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3. (a) Let F and f be two number
related by the formuly

F(n): Z(‘(d)

d/n
Prove f(n) = 2o F(n/d) - 2 1(n/d)E(d).

theoretic functions

(b) Verify that 1000! terminates in 249 zeros.

(¢) Use Euler’s theorem for any integer a, to prove
that a'? = a (mod 2730)

(d) Prove that @ (2"-1) is a multiple of n for any
n>1.

4. (a) For any positive integer n, prove

O(n) = nx,,u(d)/d.

(b) Define primitive roots of an integer by an example
and show that if F_ =2"+1,n>1, is a prime

then 2 is not a primitive root of F .

(¢) If p is a prime number and d|p—1, then show that
there are exactly @(d) incongruent integers having

order d modulo p.

(d) Determine all the primitive roots of the primes
| p=11,19 and 23, expressing each as a power of

one of the roots.
P.T.O.
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) -7 > 2, then
> (a) If ged (m, n) = 1, where m>2 and n>2,
’ ; imiti oots.
Prove that the integer ‘mn’ has no primitive r
(b) Solve the quadratic congruence
3x* 4+ 9x + 7 = 0(mod 13).

(¢) Show that 3 is quadratic residue of 23, but a

nonresidue of 31.

(d) Prove that there are infinitely many primes of the
form 4k+1.

6. (a) Find the value of Legendre symbol (1234/4567).

(b) Solve the quadratic congruence

x> = 23 (mod 73).

(c) Using the linear cipher C=5p + 1] (mod 26),

€ncrypt the message NUMBER THEORY |§
EASY.

(d) When the RSA algorithm IS based op the key

(n, k) = (3233, 37), What is the fe€Covery exponent
for the Cryptosystem?



v

. ; es.]
[This question paper contains 8 printed pag

Your Roll NO...ccoaereseess
Sr. No. of Question Paper : 5006 E
Unique Paper Code : 62354443
Name of the Paper . Analysis (LOCF)
Name of the Course : B.A. (Prog.)
Semester IV

Duration : 3 Hours Maximum Marks : 75

Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt
of this question paper.

2. All questions are compulsory.
3. Attempt any two parts from each question.

4. All questions carry equal marks.

1. (a) Define limit point of a set S ¢ R. Find the limit

points of the following sets :
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(i N

(1) R
(b) Define closed set. Prove that the union of finite

number of closed sets is closed set.

(c) If A and B are non-empty bounded above subsets
of Rans C = {x + y|x € A, y € B] then show

that : Sup(C) = Sup (A) + Sup(B).

(d) Define neighborhood of a point and an open set.

Give an example of each of the following :

(1) A non-empty set which is a neighborhood
of each of its points with the exception of

one point.



5006 3

(ii) A non-empty set which is neither an open

set nor a closed set.

(iii) A non-empty closed set which is not an

interval.

(iv) A non-empty open set which is not an

interval.

2. (a) Test the continuity of function

e1/ x -1/x

—¢ #0
)=l rem 0,

0, x=0 at x=0.

(b) Show that the function f defined by f(x) = x2 is

uniformly continuous on [-2,2].

(c) Prove that the union of an arbitrary family of open
sets is an open set.

P.T.O.

't

«y
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(d) Show that every continuous function on 4 closeq

interval 18 bounded.

3. (a) Show that a sequence cannot converge to more

than one limit.

(b) Show that the sequence <a > defined by :

+ + , V. n converges.
n+l n+2 n+n

(c) State Cauchy convergence criterion for sequences

and hence show that the sequence <x_,> defined

does not Converge.
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(d) Show that every convergent sequence is bounded

but the converse is not true.

4. (a) State Leibnitz test for convergence of an alternating

. o n-1
series : Z] (-1)" 'u, V n and test the convergence

and absolute convergence of the series :

(b) Check the convergence of the following series:

. 3.69.-3n
" (x>0
27103 (30 +4) (x>0).

(¢) Show that the sequence <x > defined by :

3+2x,
x]——-l, X = 5
+X,

_n>2 is convergent. Also

find lim X

n—»w " n’

P.T.O.
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4

6

/”‘f

(d) Test the convergence of the series whose n'" term

s (aT1-h).

(a) If <a > and <b_> are sequences of real numbers

such that

lim , _a =a,lim _,_b =b then prove that :

lim (ab ) = ab.

n—oo

(b) Define Riemann integrability of a function. Show

that x? is integrable on any interval [0, k].

1ol 1
(c) Show that limn_m—l—[l+22 +3 e +n“]=l.
n
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(d) Define the sum of a convergent series. Find the

sum of the following series :

R RN
12 23 34 25 "

6. (a) Test the convergence and absolute convergence

of the series:

o Z (_lzn—l |

n

(ii) Z(:/); .

(b) Let <a > be a sequence defined by

2a_+3
a =1, a,, =L%—2, Vn2l,

Prove that <a > is bounded above and

monotonically increasing. Also find lim | _a

n'

P.T.O.
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(c) Prove that every continuous function is integrable.

(d) Discuss the convergence of the series :

isin NnX + CoOs nx

3/2
n=1 n

(1000)
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Instructions for Candidates

1.  Write your Roll No. on the top immediately on receipt
of this question paper.

2.  All questions are compulsory.
3. Attempt any two parts from each question.

4. All questions carry equal marks.

1. (a)Let S be a non empty bounded set in R. Let
a>0, and let aS = {as: s € S}. Prove that

inf aS = a inf S, sup aS = a sup S.

P.T.O.
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(b) Define order completeness property of real

numbers.

(¢) Define limit point of a set. Show that the set [V of

natural numbers has no limit point.

(d) State and prove Archimedean property of real

numbers.

2. (a) Show that the function defined as

f( ) x, if x is irrational
x) =
—x, if x is rational

is continuous only at x = 0.

(b) Show that the function f defined by f(x) = x* 1s

uniformly continuous on [-2,2].
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(c) Define an open set. Prove that every open interval

is an open set. Which of the following sets are

open.
(1) 12, =]

(ii) [3.4[

(d) Let A and B be bounded nonempty subsets of R,

andletA+B={a+b:aeA,beB}.Prove

that sup (A + B) = supA + supB.

3.  (a) Prove that every convergent sequence 1s bounded.

Justify by an example that the converse is not

true.

P.T.O.
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(b) Prove that the sequence (a,) defined by the

recursion formula :

a) :ﬁ’ dpyl = 7+an

converges to the positive root of x2 —x — 7 = 0.

(c) State Cauchy’s convergence criterion for

sequences. Check whether the sequence (a,),
where

1 1 1
a =l+—4+—+4c ceeis 4

! 5 9 4n -3

1s convergent or not.

(d) Test for convergence the series :
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4. (a) Prove that, if the series Zun converges, then

lim u, =0. Show by an example that the converse
n—w

1S not true.

(b) Test for convergence the series :

Show that (a,) is convergent and find its limit.

(d) Prove that a sequence of real numbers converges

if and only if it is a Cauchy sequence

P.T O
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5. (a) State Leibnitz test for convergence of an alternating
series of real numbers. Apply it to test for

convergence the series

(b) Show the sequence defined by (an>=<n2> 1s not

a Cauchy sequence.

(c) Prove that the sequence (a,) defined by the

relation,

| =1. a —1+l+i+....... + !

an— ’ n - 1! 2! o (n_l)" (HZZ),
converges.

(d) Prove that every continuous function is

integrable.
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(a) Define Riemann integrability of a bounded function
f on a bounded closed interval [a, b]. Show that

the function f defined on [a, b] as

0 when x is rational

1 when x is irrational

f(x)z{

is not Riemann integrable.
(b) Test for convergence the series

n COS nNO

Z;l(_l) \/11—3 ’

o being real.

(c) State D’ Alembert’s ratio test for the convergence

ositive term series. Use 1t to test for

of ap

oon!

p——

convergence the Series Z":'n" :

P.T.O.
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1. : .
(d) Show that f(x)=— is not uniformly continuous on
X

[0,1].
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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt
of this question paper.

2.  Question No. 1 is compulsory.
3. Attempt any 5 of questions Nos. 2 to 9.

4. Parts of a question must be answered together.

1. (a) Write the characteristic table of SR flip-flop.
(2)
(b) Perform the following operations using signed-2’s
complement notation for negative numbers in 8-bit
representation :

P.T.O.
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(i) +42 + (-13)

(i) 42 — (-13) Q)

(¢) Convert the following numbers to the indicate
bases :

(2)

(1) (12121), to (-==-)1;

(i) (A675),4 to (----),

(d) Differentiate between selective-set and selective-

clear. (2)
(e) What is Register? State the use of PC. (2)
(f) Consider the given micro-operation : (2)

M[AR] « AC, SC « 0

Write the name of given instruction and state 1ts

function.

: . 2
(g) What is cycle stealing in DMA? (2)

(h) Draw the truth table and logic diagram of Half-
Adder, (2)
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g2 micro-

(2)

“the | in
(i) Specify the outpul of the follow

operation :

R3 « R1 + (R2)" « 1

(j) Expand the following terms : (2)
(1) CMOS
(1) ASCII
() TTL
(iv) ECL

(k) Write micro-operations for a following instruction

in the basic computer : (2)

LDA (Load to AC)

(I) Construct an 8-to-1 -line multiplexer with two 4-
to-1-line multiplexers and one 2 to-1-line
multiplexer. Use block diagrams for the three

multiplexers. 3

2. (a) Simplify the following function in Sum-Ot-Products
(SOP) form using K-map. Also draw the logic

diagram.

P.T.O.
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F(P, Q, R, S) = ¥(0,2,5,7,8, 10, 11,12, 14)

d(P, Q, R, S) -~ X4, 0) (6)

(b) Given the following Boolean function - (4)
F=AB + ABC' + ABC

(1) Simplify the given function F using Boolcan

algebra.

(11) Find complement of F using DeMorgan’s

theorem.

3. (a) A two-word instruction is stored in memory at an
address designated by the symbol W. The address
field of the instruction (stored at W + 1) 1is
designated by the symbol Y. The operand used
during the execution of the instruction is stored at
an address symbolized by Z. An index register
contains the value X. State how Z is calculated
from the other addresses if the addressing mode

of the instruction is
(1) direct
(11) indirect

(iii) indexed (©)
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650 S

(b) Draw the logic diagram of 2-10-4-line Decoder

with only NOR gates including

an cnable input,

(4)

(2) Design a combinational circyit with three inputs a,

Outputs P, Q, R. When the binary

mput is 0, 1,2 or 3, the binary output is one greater

b. ¢ and three

than the Input; otherwise, the binary output is one
less than the input.

(6)

(b) Obtain the 9’ complement of the following 8-digit
decimal numbers :

(i) 90009951

(i) 12349876 (2+2)

(a) Explain the functioning of a DMA Controller with
the help of a block diagram.

(6)
(b) A computer has 32-bit instructions and 12-bit
addresses. If there are 250 two-address instructions.,
how many one-address instructions can be
~ I3 4
formulated? (4)

P.T.O.
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(a) What is the use of Binary Counter? Draw the 4-

bit synchronous binary counter. (244)

(b) What is Programmed 1/0? Specify any one method
that can avoid the drawback of programmed

1/0. (4)

(a) Design a 4-bit Binary Adder-Subtractor circuit
diagram using full-adders. (6)

(b) Consider the following Registers with given

values :

R1 =(00110101),
R2 =(01100111),
R3 = (10111001),

R4 = (11101010),

Determine the 8-bit binary representation of values
in each register after the execution of the following
sequence of operations. Perform the following
operations using R1, R2, R3 and/or R4.

(i) Rl « Rl @ R2

(ii) R3 « R4 - R3 (4)
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8. (a) A computer uses a memory unit with 512K words
of 3 2 bits cach. A binary instruction code is stored
in one word of memory. The instruction has four
parts: an indirect bit, an operation code, a register
code part to specify one of 64 registers, and an

address part. (6)

(1) How many bits are there in the operation
code, the register code part, and the address

part?

(1) Draw the instruction word format and

indicate the number of bits in each part.

(iii) How many bits are there in the data and

address inputs of the memory?

(b) List the micro-operations for Fetch and Decode

Phase of Instruction Cycle. (4)

9. (a) Draw the block diagram for the hardware that

implements the following :

x + yz: AR « AR + BR

where AR and BR are two n-bit registers and x,
y and z are the control variables. Include the logic

gates for the control function. (6)

P.T.O.
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(b) Write a program to evaluate the arithmetic

statement ;
X = (A+B) * (C+D)

using two address and three address instructions.

(4)
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(Write your Roll No. on the top immediately on receipt of this question paper.)
All questions are compulsory.
Attempt any two parts from each question.

3 . — . le.
(a) Define a countable set. Show that the set @ of rational numbers is coUntab

(b) Define absolute value of a real number 'x’.
Find all x € R that satisfy the following inequalities:
(1) 4 < |x+2|+ |x-1]<5
(i1) [2x — 1] <x+1

(¢) (1) Define supremum of a non-empty bounded subset S of R. o
(ii) Show that a real number u is the supremum of a non-empty subset S of R if an
only if it satisfies the following conditions:
(1)s <uforalls €8S.
(2) For each positive real number &, there exists s, € S such that u — € < Se.(6 6)

(a) State the Archimedean Property of real numbers. Show that if x € R, then there exists
aunique n € Zsuchthat n—1<x <n.

(b) Define the convergence of a sequence (x,,) of real numbers. Using the definition,

evaluate the following limits:

(i) limy,eVn+1—+vn
ey 1 -
() limn o (57)

(c) Let (x,) be a sequence of real numbers that converges to x and suppose that x,, > 0,

vn € N. Show that the sequence (y/x,) converges to Vx.
(6,6)

3. (a) Prove that every monotonically decreasing and bounded below sequence of real numbers

converges.
(b) Show that the sequence (x,,) defined by
X =Lxpq = %(an +3), Vn > 1 is convergent. Also, find lim, 0 Xp.

(c) State Cauchy’s Convergence Criterion for sequences of real numbers. Show directly
from the definition that the following sequence is a Cauchy sequence:
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4. (a) State and prove Comparison test for positive term series. Hence, show that the following
serics converges:
1 1
14+ L4 1,1
atat o+
(b) Supposc that (~\'73)‘ IS a sequence of non-negative real numbers. Prove that the series
¥ x, converges it and only if the sequence § = (5y) of partial sums is bounded

(¢) (1) State (without proof) D" Alembert's ratio test for an infinite scries.
(2) Testfor convergence the series:

: 1 1.2 1.2.3
(1) R e U T
3 3.5 3.5.7 + ’
1 1 1

(i1)

log2 (log3)? (log4)?

(6.5,6.5)

3. (a) (i) Define an absolutely convergent series. Is every convergent series absolutely
convergent? Justify your answer.
(i1) Test for convergence the series:

. 1 1 1 1
Ml-c+m—mtue -~
(2) Zp=a(=D"e™

(b) Show that if @ > 0. then the sequence (1_51%5) converges uniformly on the interval

[a, ) but not uniformly on the interval [0, o).
(c) State Weierstrass M-Test for uniform convergence of series. Hence. show that

1
Yy —-) Vx€ER
Z:x2+n2

is uniformly convergent.
(6.5.6.5)

6. (a) Find the radius of convergence and exact interval of convergence of the power series
n+1
n

(n+2)(n+3)"
(b) Show that the function f(x) = x* defined on the interval [0, b], where b > 0 is Riemann
integrable.
(¢) Show that every continuous function defined on [a, b] is Riemann integrable.
(6.6)
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Instruction for candidates ) o
1. Write your Roll No.on the top immediately on receipt of this qu
2. All questions are compulsory.

3. Attempt any two parts from cach question.

4. Usc of non-programmable scientific calculator is allowed.

estion mp‘:r,

ue is 0.0049065. Then find the

] lftr / 1S . X » .1 1' % l
(a) ue value is 0.0003106 and the approximate va (i €f50F.

absolute and the relative error. Differentiate between round off error and trunc4 (6}
(b) Use the Bisection method to determine the root of the equation
: - S L m x2-3=0
on the interval [1,2],-perform five iterations. ~~ = - L -

3 _ .
, , , x*=5x+1=0
on the interval (0,1) using Secant method to find the root correct up to 3 decimal places.

_ , . L [6]
2 (a) Apply Newton Rapson method to determine the root of the equation
' ¥} +x?-3x-3=0
on the interval [1,2] up to four iterations. (6]
(b) Perform four iterations of the Regula-Falsi method to obtained the real root of the
equation ' ‘ . v
_ x3-2x2-5=0
on the interval [2,3].
" (6]

- (¢) Derive a formula for finding n‘" root of a number N, hence find the value of V29 using

“Newton Raphson method. (3]
3(a)-Solve the following system of linear equations using Gauss-Elimination method.
L T 2x+2y+4z=18 o '
s xX+3y+2z=13
3x+y+3z=14

{ 2

- (\?) Find the inverse of the coefficient matrix of the system “

; s [1 1 1712 1

i ¢ 3 -1] [] _ H

3 5 3]lxl |4 N
: (i))y P(c}:?t?;::(t)l: dan'meth.od with partial pivoting and solve the system. v {equa£i6(;§£-
ree lteratnons of Gauss Seidel Method for the following syste” 7

dx+y+wz=2

x+3y'.+'22=_6

1-
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A = -4
. i ‘ x+2y+3z= S
Use lmtlaljappro_ximation‘ as (x,y,2) = (0. 5,—0.5,—0. 5) [6.5]

4(a) Using the following data, * '
@ =1,7(1)=3f(3) = stie iven data.
find the unique polynomial of degree 2 or less which fits the g 6]
Also, obtai 1 a bound on the error. ~
o Iff(x) = ind the divided difference of f[x1, X2, X3, X4] (6]

(c) Obtain the Piecewise

lmear intemoléting polynomial for the fun‘ction f (x) defined by
data

“___] -

x | 10 T a0 4.0 80 |

flx) 3 7 21 1 B g .

: » and esnmate the values of t(3) and f(?) - L o T '_ ' [A6]. .,
i(a) Find f( 2) and f"'(2) using quadratic mterpolanon using the followmo data B -

1 X l_.“o [ 1 I 2 l..7.3 [
| oo

I S Y ) K
obtam an upper bound on error also : :

[6.5]
(b) Apprommate the second order denvatlve of f(x) = e* + 2x at X9 = 0, takingh =
0.1,0.01 by using the formula
o FGro—h) = 2f (x0) + f(x0 + h)
MOE s
Also approximate the derivative of f(x) =1+ x+ x2 + &3 atxp = 0, takingh =
0.1,0.01 by using the fonnula :
f(xo+h Xo —h
Fiey~ [Goth) — /o 1)
- [6.5]
(c) Integrate the followmg funcuon f(xX) = = onthe mterval [1,2] | usine trapezoidal rule
with 2.4 and 8 equal subintervals. 4
' - . 6.
6(a) F ind the value of [6.5]
: L 4 .
f f (22 +1) dx
i 2
using Simpson’s 1/3rd rule with 2 and 8 equa! subintervals, Also, Find the absolute errors
é o oy
(b) Consxder the initial valye problem "’ [6.5]
_ Ey+2y— e — g 2y(0) =1
find the approximate value of y(O 5) with step size h=0.] using Euler Method.
[6.5]
c) Solve the initial value problem -
( d” - 0.8x
y == 46 ’ }’(0) =2
. - ethod over the mterval [0,0.4) withh = 0.1.
using the Huen m [6.5]
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Instructions for Candidates
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of this question paper.

[§9]

Attempt all question by selecting two parts from cach

question.

3.  All questions carry cqual marks.
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| (a) If v and y are vectors in K", then prove that:

e + il < (Ixil + Jivll

(b) Define norrn ofa vector. Find a unit vector in the

. . 1 2 1 1 21
same direction as the vector [‘{"’g' ~<, 5, =L,
[s the normalized (resulting) vector longer or

shorter than the original? Why?

(c) Use Gaussi.an elimination method to solve
following systems of linear equations. Give the
complete solution set, and if the solution set is

infinite, specify two panicular solutions.

3x+6y—9z =15
2x + 4y — 6z = 10
~2x =3y + 4z = -0
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»

2. (a) Determine whether the two matrices are row

cquivalent?

1 0 21 [1 O 2
3 -1 1 o 2 10
5 -1 5 2 0 4.

(b) Find. the rank of the following matrix.

-1 -1 0 O
0 0 2 3
4 0 -2 1
3 =1 g 4

(c) Express the vector X = [2, =5, 3] as a linear
combination of the vectors a,= (1, -3.2], a,=[2,

4,11, and ay— |1, -5,7] if possible.

P.T.O.
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1 (a) Determine the characteristic polynomial of .

following matrix.

6 -2 2
[-—2 3 -1
2 -1 3

(b) Show that the set of vectors of the form [a, b, 0,

c, a - 2b + c]in R® forms a subspace of R®

under the usual operations.

(c) For S = {x3 + 2x2, 1 — 4x%, 12 =53, x* — x*}, use
the Simplified Span Method to find a simplified
general form for all the vectors in span(S), where
S is the given subset of P, , the set of all
polynomials of degree less than or equal to 3 with

real coefficients.

4. (a) Use the Independence Test Method to determine

whether the given set S is linearly independent 0f

linearly dependent.
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S = {l.. ‘1, O. 2], [09 '2s l$ O]’ [2, 0, '17 l}

. , <
(b) Let the subspace W of R® be the solution set to v

the matrix equation AX = 0 where A is

1 2 1 0 -1
2 -1 0 1 3
1 -3 -1 1 4 ,
2 9 4 -1 -7 ’

Find the basis and the dimension for W. Show
that dim(W) + Rank(A) = 5. *

(c) Show that P_, the set of all polynomials of degree
less than or equal to n with real coefficients, is g

vector space under the usual operations of addition

and scalar multiplication.

5.  (a) Consider the mapping f:R* — R® given by

P.T.O.
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f‘(l"‘rﬂzv“a])‘: lax»ﬂzv"‘azel

Prove that f1s a hincar transformation.

(b) Find the matrix for the linear transformation

L:P; - R® given by

L{asx® + azx? + a;x + ap) = [ag + @1, 285, a3 ~ aol

With respect to the bases B = (x?, x?, x, 1) for P,

and C = (e, e,, ¢,;) for &
() Consider the linear operator [:R" — R™ given by

ey, 1y, a,)) = [ay,a2.0-,0]
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Find the kernel of L and range of L.

6. (a) Consider the linear transformation L: R> - R3 given

Xy 1 -1 5 1[*
by Lilxli=1-2 3 =13||*2
X3, '3 =3 15 1ixs

Find the basis for kernel of L.

(b) Consider the linear operator J.p?2 ., R2 given by
(=[5
Y sinff cosf 1.

Show that L is one-to-one and onto operator.

P.T.O
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(c) Consider the linear transformation L:P; = P, given

by L(p)=p’ where pE& P,

[s L an isomorphism?

(1000)
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1. (a) If x and y are vectors in R", then prove that

X +yll < (ix]] + llyll.

Also verify it for the vectors x = [-1,4,2,0, -3]

and y = [2,1,-4,-1,0] in R>. (5.5+2)

(b) Prove that for vectors x and y in R?”,

- 1 2 2
@) x.y = 2Ux+yll* - lIx -yl

() If x+y).(x-y)=0, then [x|[=]lyl.
(4+3.5)

(c) Solve the systems AX = B, and AX = B,

simultaneously, where

9 2 2 —6 =12
A‘—“[S 2 4], Blzlo,and B, =| -3

27 12 22

(7.5)
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2. (a) Find the reduced row echelon form of the following

matrix :
2 =5 =20
A=[0 2 7] (7.5)
1 -5 -19

(b) Express the vector x = [2,-1,4] as a linear

combination of vectors v, = [3,6,2] and

v, = [2, 10, -4], if possible. (7.5)

(c) Define the rank of a matrix and determine it for

the following matrix :

B=| 2 0 4 (1.5+6)

BT,
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(a) Check if the following matrix is diagonalizable of

not :

3412
4 12 3 -
2 3 -4 )

(b) Show that the set of all polynomials P(x) forms a

vector space under usual polynomial addition and

scalar multiplication. (7.5)

(¢) Give an example of a finite dimensional vector

space. Check if the following are a vector space

or not :

(i) R? with the addition [x,y] @ [w.z] ~

[x + w+ 1,y +2z— 1] and scalar multiplication

L

a @ [x,y] = [ax+a— 1, ay — 2
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(i) set of all real valued functions f: R — R

such that f(%)*—l, under usual function

addition and scalar multiplication.

(1.5+3+3)

1 (a) Definesubspace of a vector space. Further show

<.

that intersection of two subspaces of a vector

space V is a subspace of V. (1.5+6)

(b) Define a linearly independent set. Check if
S = 4(1,-1,0,2), (0,-2,1,0), (2,0,-1,1)) 1s
linearly independent set in R* or not.

(1.5+6)

(c) Define an infinite dimensional and finite dimensional

vector space.

PTO
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Consider the set of all real polynomials denoted
by P(x). and the set of all real polynomials of
degree at most n denoted by P (x). Describe a
basis of P(x) and P (x) and mention if these are

finite dimensional or infinite dimensional.

(2+4+1 .5)

3. (a2) Show that the mapping L : M, — M, defined as
LA)=A T AT is a linear operator, where M is
set of n x n matrices and AT denotes the transpose
of the matrix A. Find the Kernel of L.

(3+4.5)

(b) Let L: R? > R’ be a linear transformation defined
as L{[a,b]) = [a—b, a, 2a b]. Find the matrix
of linear transformation Age of L, with respect to
the basis B = {[1,2], [1,0]} and € = ([1,1,01, [0,1,1],

[1,0,11}. (7.5)



1441 7

<
ﬁ
gt
(c) Let L: V. — W, be a linear transformation, then
define Ker(L), Range(L). Further show that

Ker(L) is a subspace of V and Range(L) is a

subspace of W, (1.5+1.5+2.5+2)

6. (a) For the linear transformation L: R3 — R3 defined

as

Find Ker(L) and Range(L). (4+3.5)

(b)y Let L: V —> W be a one-to-one linear

transformation. Show that if T is a linearly

independent subset of V, then L(T) is a linearly

independent subset of W. (7.3)

P.T.0O,

——



{
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. . ined
(c) For the linear transformation L: R? - R?, defin

as :

e e

Find LY, if it exists. (7.5)

(700)



B

[T\h‘is question paper contains 4 printed pages.]

\ " Your Roll No.....cceuven...
Sr. No. of Question Paper : 1473 F
Unique Paper Code : 2352201202
Name of the Paper : DSC : Analytic Geometry
Name of the Course : Bachelor of Arts
Semester ;10
Duration : 3 Hours Maximum Marks : 90

Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt

of this question paper.

2. All questions are compulsory.

3.  Attempt any two parts from each section.

4. All questions carry equal marks.

1. (a) Sketch the parabola and label the focus, vertex,

and directrix of the following

y2_10y—12x+6l=0.

P.T.O.
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()

(b) State the reflection property of the hyperbola.
Sketch the graph of the hyperbola 25y* - 9x2 = 275

and label the vertices, foci, and asymptotes.

(¢) Find an equation for the ellipse satisfying the given

conditions: the ends of the major axis are (0, +6);

passes through (-3, 2).

(a) Find the equation for the parabola that has its
vertex at (5,-3), axis parallel to they-axis and

which passes through the point (10, 2).
(b) Identify and sketch the curve xy=1.

(c) Find the angle that the vector \7=—\/§§+} makes

with the positive x-axis.

(a) Find the vector component of v along b and the
vector component of v orthogonal to b where
V=2i-j+3k, b=i+2j+2k.

(b) Find the area of the triangle with vertices

P(1,5,-2), Q(0,0,0) and R(7,2,0).
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(c) Use a scalar triple product to determine whether
the vectors u=5i-2j+k, v=4i-j+k and

w=1i-] lie in the same plane.

4. (a) Find the parametric equation of the line that passes
through the point P(-1, 2, 4) and is parallel to the

vector \7=3§—43+12 :

(b) Find the direction cosines of a line which is

perpendicular to the lines whose direction ratios
are 1,2,3; —1,3,5.

(c) Show that the line x = -1 +t, y=3+2t, z=—t
and the plane 2x — 2y — 2z + 3 = 0 are parallel

and find the distance between them.

(a) Find the equation of the sphere described on the
join of the points A(2,-3,4) and B(-5, 6, -7) as

diameter.

(b) Prove that the tangent planes to the cone

lyz + mzx + nxy = 0 are at right angles to the

generators of the cone¢

12x2 + m2y? + n2z2 — 2mnyz — 2nlzx - 2Ilmxy = 0.

P.T.C
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(c) Find the equation of the right circular cylinder of

x —1 =y—2_Z__2

radius 2 whose axis is the line
2 2 ]

6. (a) Find the equations of the sphere through the circle
x2+y?+z2= 1, 2x + 4y + 5z = 6 and touching

the plane z = 0.

(b) Find the equation of the cone whose vertex 1s

(a, B, v) and base

ax2 + by? =1,z = 0.

(c) Find the enveloping cylinder of the sphere
x2+yr+z2-2x+t4y = 1 having its generators

parallel to the line x =y = Z.

(700)
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Unique Paper Code - 42357602
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2. Attempt all the six questions. _

3. Each question has three parts. Attempt any twp parts from each question.
4. Each part in Question 1,3, S carries 6 marks.
5. Eaok part in Question 2, 4,6 carries 6.5 marks. -
6. Use of scientific calculator is allowed.

1. a) i) If 4 and B are events in the sample space S, then prove that .
. p(AuR)=P(A)+ P(B) - P(ANB).
i) Let X be & random variable with Distribution Function Fy . Prove that for
a< b Pla<X<bl= Fy(b) — Fx(a).

X .
b) Show that f(x) = {g ! 21;":,; ;f represents @ probability density
function. Also calculate P(X > 1)
c) i) Show that if X isa random variable and a, b are constants, then
n

El(aX + b)) = > (})ar e

{=0 ' © omgme= ©
ii) Let the probability mass function P(x) be pasitive at x = —1,0, 1 and zero
elsewhere. If P(0) = ; , find E(X°].

2. & The randorn variable X has the probability distribution :
f(x) = () forx=012and3
' g N . " - g
Find the moment generating function of this random variable and use it to
determine p} and {3 where ui. = E[X"] is the rth moment abounhe origin.
b) Show that the mean and the variance of the binomial distribution are u = ne and
g? =nb(1—~0). '
c) Find the probabilities that 8 random variable having the standard normal
distribution will take on a value:
i) less than 1.30. Y | ‘
i) less than ~-0.25. . !
iii) between 0AS and 1.30.



w

b

c)

a)

~.

Show that the normal distribution has:
~1)arelative maximumat x = p.

i) inflection peintsat x = p~ gand x =y + o \ |
4t1x7 :0<&1<10(x2\1
Let f(xp,x,) = { ; ;‘ oz bethe pdf of X; and X,.

Find PO < X; < 3,7 < X; < 1) and P(X; < X,).
Let the random variable X and'y have joint probability mass function as:

L) 00 00 | 0

[

| L Lo T an ] (1) |
Pley) | 2 | 3 0 2 2 02 1 ,
u w3 T A
~i)Find marginal probability mass function of X and Y. T
i) PX+Y<2).
Let X, and X, have the joint pdf f (x,, Xg) = {g . ;-%;zex;wf‘s? <1 |

i) Find conditional pdf fip (x1]x5).
ii) Find conditional mean E(X|x;) and the conditional variance Var(X,|x,).

CX
I<x<yl0<y<i
Let £(x/y) = { gas =
0 elsewhere
be the conditional densxty of (X,Y) and

[ ky P 0<y<1 . B .
fz(;V).-_{ 0 elsewhere be the marginal pdf of Y. Determine:

i) the constants c and & .
i) joint pdf of X and Y.

iii) P[‘ <x<ilr=3

iv) P [ <X< ]
Consider a random experiment that consists of drawmg at random one: chip from
a bowl contalnmg 10 chips of the same shape and size. Each chip has; an ordered
pair of numbers on it: one with (1, 1), one with (2, 1), two with (3, 1), one with
(1, 2), two with (2, 2), and three with (3, 2). Let the random variables X, and X,
be defined as the respective first and second values of the ordered piair. Find the
joint probability mass fupction p (i1, x2) of X, and X,, provided with p (x;. x2)
equal to zero elsewhere. |

!



I X and Y have Joint pdf-

If two random variables X and Y have the
) y X~y . e
f(xr,}’):{ € X>0,y>0
0 ; elsewhere
Show that M(t,, ty) = (1 - )71 - t)" 1t t, < 1.
Also show that [etx+y] = (1 2 " 4ht<1..

Using method of least squares to fit 4 straight line for the following data:

|
joint density given by

X T T T Ta e
Y 15 T AT

8xy, 0<x<y<1-
€ &=
fxy) {0 ; - otherwise’

. Find the correlation coefficient beMeen XandY.

If X and Y have Joint pdf
3% 5 0<y<x 0<x<1
flxy) '{O * otherwise

Are X and Y are ihdepéndent? If not, find E[¥|X].

X i=1,2,3 4, ..,10 be independent random variables, each being uniformly

distributed over (0, 1). Estimate P(T4°X; > 7).

A die is thrown 3600 times, show that the number of sixes lies between 550 and

650 is at Jeast -:-
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